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KjiaCCHtpHKaHHH BJIOJKeHHH TOpOB 

b 2-MeTacTa6n.jii.Hoii pa3MepHOCTH 

CTaTBa nocBaroeHa KjiaccHiecKoit npo6jieMe 3ay3jiHBaHHa: fljia flaHHoro 
MHoroo6pa3Ha N a MHCJia m onncaTb MHOJKecTBO ii30ToniiHecKHx KjiaccoB 
BjiCDKeHiiii N — > S m . LfeyHaeTca nacTHbiii cjryiaii 3ay3JieHHUX mopoe, to 
ecTB Bjio»ceHHH S p x S q — >■ S m . HsoTonHiecKaa KJiaccHrpHKanna 3ay3JieH- 
hbix TopoB b Memacrna6v,AbHOU pa3MepHOCTH m p + |g + 2, p ^ q, 6m- 
jia nojiyieHa A. XstpJiiirepoM, E. 3nMaHOM h A. CKoneHKOBBiM. B pa6oTe 
paccMaTpHBaroTca pasMepHOCTH hhjkb MeTacTa6miBHOH h npHBOflHTca aBHbift 

KpilTepilH KOHeMHOCTH MHCBKfiCTBa H30T0nHHeCKHX KJiaCCOB 3ay3JieHHbIX TOpOB 

b 2-Memacma6uAbHOu pa3MepHOCTH: 

TeopeMa. IlycTB p + |g + 2 < m < p+ |g + 2 h m > 2p + q + 2. 
Toryja MHO>KecTBO H30TonHHecKHx KjiaccoB raaflKHx BJiosceHHii S p x S q —> S m 
6ecKOHeHHO, ecjiH h tojibko ecjin xoTa 6bi o/nro H3 iHceji q + 1 hjih p + q + 1 
flejiHTca Ha 4. 

ITpefljiaraeMbiH noflxofl k KjiaccncpHKanHH BjioaceHHii ocHOBaH Ha aHajiore 
tohhoh nocjieflOBaTejiBHOCTH y. KoinopKe H3 TeopHH CHHryjiapHBix 3an,enjie- 
hhh. B flaHHyio nocjieflOBaTejibHOCTB bxo,h,ht hobbih fi-uneapuanm 3ay3JieH- 
hbix TopoB. B flOKasaTejiBCTBe tomhocth Hcnojib3yeTca BjiojKeHHaa xnpyprHa 
h MeTOfl H. Xa6errepa-Y. Karaepa nccjieflOBaHHa flonojiHeHHa. 

KjironeBfaie cjioBa: 3ay3jieHHbiii Top, 3an,enjieHHe, CHHryjiapHoe 3an,enjie- 
HHe, BJioaceHHe, xnpyprna 



§ 1. BBefleHHe 

CiaTbH nocBsnneHa KjiaccHHecKoft npo6jieMe 3ay3jiHBaHHH: djisi danuozo mhozo- 
o6pa3UR N u uucjia m onucamt Mnocucecmeo u3omonuHeCKUX KAaccoe eAOCHcenuu 
N — > S m . AKTyajiBHBie c&opti moxho Haft™ b CTaTbsx [24, 27]. flaHHaa Te- 
MaTHKa aKTHBHO royHajiacb b niecTHflecaTbie roflbi [13, 10], ii b HacTOHinee BpeMH 
HHTepec k Heft bo3o6hobhjich [2, 3, 5, 30]. 

,H,aHHaa: npo6jieMa o6o6m,aeT npe^MeT KjiaccHnecKoft TeopHH y3jiOB. B OTjinnne 
ot KjiaccHHecKOii CHTyan,HH npocTbix 3aMKHyTbix kphbbix b npocTpaHCTBe pa3Mep- 
hocth 3, b 6ojiee bbicokhx pa3MepHOCTHx HHor^a y,n;aeTCH nojiynHTt nojiHbift otbct. 
Mbi pa6oTaeM b rjiaflKoft KaTeropnn, KpoMe Tex cjiynaeB, Kor^a hbho oroBapHBa- 
eTCH o6paTHoe. 

PenoBin h UeHuejib MacTH'THO no^flep^KaHM MuHHCTepcTBOM HayKii Pecny6jiHKH Cjiobchhs 
(rpaHTbi JVa Pl-0292-0101-04, Jl-9643-0101-07, BI-RU/08-09-016). CKoneHKOB ™thhho no/wep- 
jkclh nporpaMMOH no^epjKKH Be.zrymirx HayiHBix hikojt PO (rpaHT JV e HUI-4578. 2006.1), Mhhh- 
CTepcTBOM 06pa3OBa HH a h Hay™ (rpaHT JYa PHII-2.1.1.7988), POOH (rpaHTbi N°- 05-01-00993, 
06-01-72551, 07-01-00648), HHTAC (rpa HT N°- 06-1000014-6277) H cpohaom noflflep>KKH Mojioflbix 
y^ieHBix "KoHKypc Me6nyca". 
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1.1. y3Jibi. KaaccncpHKannH y3Aoe S q — > S m b Kopa3MepHOCTH no Kpairaen 
Mepe 3 (to ecTb npn m > q + 2) cbo^htch k HeKOTopoft roMOTonnnecKoft 3aflane 
[9, 20]. B nacTHOCTii, H3BecTHa nojiHaa pav,uoHaAbHax KjiaccncpnKanns:: 

Teopema 1.1. [9; cjie^CTBHe 6.7] IIycmbq+2 < m < §3+2. Tozda Mnootcecmeo 
u3omonuuecKux KJiaccoe zjiadnux eJiocHcenuu S q — > S m 6ecKOHeuHO, ecAU u moM>Ko 
ecjiu q + 1 dejiumcsi na 4. 

1.2. 3ai];enjieHHH. KjiacciiepiiKaniiH 3aueruieHuu S p U S q S m — cjie/ryio- 
m,aH ecTecTBeHHaa: 3a/i;ana nocjie KjiaccncpHKannn y3ji0B. IIpH ycjiOBini Kopa3- 
MepHOCTH no Kpannen Mepe 3 cymecTByeT TOHHaa nocjieflOBaTejibHOCTb, co^ep- 
xamaa mhojkcctbo H30TonnnecKHx KjiaccoB 3anenjieHHii n onpeflejieHHbie roMO- 
TonniecKne rpynnbi [10]. B HeKOTopoM flnana30He pa3MepHOCTeii, na3MBaeMOM 
2-Memacma6uAbHUM 1 H3BecTHO aBHoe onncaHne H30TonnnecKnx KjiaccoB 3an,enjie- 
Hnit S p U S q — > S m c TOHHOCTbio ,0,0 y3JiOB S p — > S m n S q — >• S m b TepMHHax tomo- 
TonniecKHx rpynn ccoep n MHoroo6pa3nn BlTnepejiH [9] (xopoTKoe flOKa3aTejibCTBO 
npHBO^HTca b [30]). 




5 x S l S 3 gl x gl g3 

a b 
PncyHOK 1 



1.3. 3ay3JieHHbie Topbi. B flaHHon CTaTbe H3ynaeTCH KjiaccncpHKaniiH 3ay3- 
achhux mopoe, to ecTb rjiaflKnx bjioxchhh S p x S q S m . 3Ta Teopnn o6o6maeT 
Teopnio 2-KOMnoneHTHbix 3anenjieHHn oflHHaKOBOft pa3MepHOCTH (cm. pncyHOK 1). 
HccjieflOBaHne 3ay3jieHHbix TopoB — cjie/ryioiHHH ecTecTBeHHbifl: mar nocjie Teopnn 
3an,enjiennn no HanpaBjiennro k KjiaccncpHKannn BjiOKeHnil npon3BOjibHbix MHoro- 
o6pa3nn [26, 33], b corjiacHO TeopeMe o pa36neHHH Ha pynKH. ^aHHaa TeMaTnxa 
TaKace HHTepecHa 6jiaro/i,apa MHornM HHTepecHbiM npnMepaM [13, 21, 25]. 

H3BecTH0 aBHoe onncaHne MHOJKecTBa H30TonnnecKnx KjiaccoB 3ay3jieHHbix to- 
poB b Memacma6uA , bHou pa3MepHOCTH m ^ p + \q + 2, p < q [8, 25] (sa HCKJIIO- 
neHneM He6ojn>niOH Heonpe^ejieHHOCTH npn m < |p + |g + 2; cm. pncyHOK 2). 
JX&Tmoe orpaHnneHne Ha pa3McpnocTb — ecTecTBeHHbiii npe^eji j\tlsi KjiaccnnecKnx 
MeTO^OB KjiaccncpHKannn bjiojkchhh (p— l)-CBH3Horo c {p + g>)-MepHoro Mnoroo6pa- 

3HH. MajIO HTO H3BeCTH0 O BJIOJKCHHHX B pa3MepnocTH HHJKe MeTacTa6njibHOH: Bee 

H3BecTHbie HBHbie KjiaccncpHKan,HOHHbie pe3yjibTaTbi KacaiOTCH y3JiOB, 3an,enjieHnn 
(cm. Bbinie), 3ay3jieHHbix TopoB b pa3MepHOCTH m = p + |q + | [28], 3-Mepnbix 
MHoroo6pa3nn b R 6 [29] n 4-MepHbix MHoroo6pa3nn b MJ [5] , HecMOTpa Ha Hajinnne 
MHornx HHTepecHbix noflxoflOB [1, 6, 32]. 

CcpopMyjinpyeM ochobhoh "npaKTHnecKHfi" pe3yjibTaT pa6oTbi (aHOHcnpoBaHHbin 
b [4]). Mm npHBOflnM sBHbiii KpnTepnii kohchhocth MHOJKecTBa H30TonHnecKHx 
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KjiaccoB 3ay3jieHHbix TopoB b 2-Memacma6uA'bHou pa3MepHOCTH (cm. 3aiHTpnxo- 
BaHHyio o6jiacTb Ha piicyHKe 2, r^e hhcjio p (pHKCiipoBaHO, a HHCjia gum h3mchs- 
iotch) : 

Teopema 1.2. Flycmt p+|g + 2<m<p+|g + 2 u m > 2p + q + 2. Togcta 
MHoatcecmeo u3omonuuecKux KAaccoe zjiad-Kux eAOCHcenuu S p x S q ~> S m 6ecKO- 
neHHO, ecAU u moM>KO ecAU xomsi 6u odno U3 nuceA q + 1 uau p + q + 1 deAumcn 
na 4. 

IIphmep 1. Mhojkcctbo 3ay3jieHHbix TopoB S 1 x S 5 — > S la c tohhoctbio H30- 
toiiiih KOHenHO. Ha pncyHKe 3 OTMeneHM Bee pa3MepHOCTH H3 ,zniana30Ha p = 1, 
1 ^ <Z ^ 13nm>p+|g + 2, fljia KOTopbix mhojkcctbo H30ToniiHecKiix KjiaccoB 3a- 
y3jieHHbix TopoB GecKOHe^HO. HHcpopManira Ha pncyHKe nojiyneHa H3 TeopeMbi 1.2, 
[27; TeopeMbi 3.10 h 2.9], npe/jjiojKeHHH 5.6 h 3aMenaHHa 2 hhjkc 

Ham noflxofl ocHOBaH Ha aHajiore to^hoh nocjieflOBaTejibHOCTH KoniopKe (reope- 
Ma 2.1 HHJKe), coflepjKameM hobmh {3-uneapuanm noumu eAoatcenuu S p x S q — > S m . 
ToHHOCTb nocjieflOBaTejiBHOCTH ,n,OKa3MBaeTCfl c noMombio MeTO,n,a Xa6errepa-Kaii3epa 

HCCJieflOBaHHH flOnOJIHeHHH K nOHTH BJIOJKeHHIO. 

1.4. OpraHH3au,HH CTaTbH. B §2 mm (popMyniipyeM ochobhoh "TeopeTHne- 
ckhh" pe3yjibTaT (TeopeMy 2.1). B §3 mm onpe^ejiJieM /3-uHeapuaHm. B §4, koto- 
pbiii HBjiaeTCH HeHTpajibHMM pa3flejiOM CTaTbH, mm ,z],0Ka3MBaeM nojiHOTy /3-HHBa- 
pnaHTa. B §5 Mbi ,i];0Ka3MBaeM TeopeMy 2.1, Hcnojib3yfl pe3yjibTaT §4. B §6 mm bm- 
BOflHM TeopeMy 1.2 H3 TeopeMbi 2.1. B §7 mm cpopMyjinpyeM HeKOTopbie OTKpbiTbie 
Bonpocbi. B npHjiojKeHHH mm o6cyjK/i,aeM BjiojKeHHyio xnpyprnio MHoroo6pa3HH 
caMonepeceHeHHH, KOTopaa Hcnojib3yeTCH b §4. 

B nocjie/iyioiHeH ny6jiHKainiH [31] njiaHHpyeTCH o6o6iimTb TeopeMy 1.2 Ha npo- 
H3BOjibHbie pa3MepHOCTii to > 2p + q + 2, Hcnojib3ya: CBefleHiie KjiacciicpiiKainiii 
3ay3jieHHbix TopoB k KjiaccHcpHKamiH 3an;enjieHHfl:. 
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§ 2. OcHOBHaa H/j,en 

B 3tom pa3/i,ejie mbi cpopMyniipyeM ochobhoh "TeopeTiiHecKiiii" pe3yjii>TaT pa6o- 
th. 3to — aHajior tohhoh nocneflOBaTejibHOCTii KoinopKe, KOTopbifi cbo/];ht Kjiac- 
ciicpHKaijHio bjiojkchhh S p x S q — > S m k 6ojiee npocToft KjiacciicpiiKaipiH noumu 
ejioMcenuu S p x S q -> S m . 

2.1. H30TOIIHH H KOHKOp^aHTHOCTb. (MHJIHOp) BjIOJK6HHC / [ X X I —> 

S m x I Ha3biBaeTCH KOHKopdaHmHocmbm, eanii X x = f (S m x 0) h X x 1 = 
f~ 1 (S m x 1). KoHKopflaHTHOCTb Ha3biBaeTCH u3omonueu, ecjiii f(Xxt)c S m x i 

fljlfl KajKflOrO t <E I. KOHKOpflaHTHOCTB HJIH H30TOnHH Ha3BIBaeTCH 06 r beMJieM0H, 

ccjih X = S m . B ,n,ajibHeHiiieM Mbi hohbho iicnojiB3yeM h3bgcthbig yTBepjKfleHira, 
hto b Kopa3MepHOCTH no Kpaimeft Mepe 3 cyvut,ecmeoeaHue KOHKopdanmocmu e/ie- 
uem cyuificmeoeaHue u3omonum 11 Aw6asi KOHKopdaHmnocmb uau u3omonusi npo- 
doJiMcaemcH do o6?>eMAeMou [14]. 




HOHTII HE nOHTH 

BjiojKeHne BjiojKeHiie 
/ : S° x S 1 -> S 2 5° x ^ 5 2 



PiicyHOK 4 




PncyHOK 5 PiicyHOK 6 



2.2. IIohth BJiojKeHHH. (Xirpiii) ToBopa: necpopMajibHO, nonmu eAootcenue — 
3to OTo6pajKeHiie, HMeiomee TOjibKO "jiOKajitHtie" caMonepeceHeHira (cm. pucy- 
hok 4) . Hto6bi ^aTb cpopMajibHoe onpe,zi,ejieHHe, 3a<piiKCiipyeM OTMeneHHyio TO^iKy 
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* £ S p h map B p+q C S p x S q KopasMepHOCTH 0, Taicoft hto B p+q n (* x S«) = 0, 
cm. piicyHOK lb. OTo6pa>KeHHe / : S p x S q — >• S* m HBjiaeTCH noumu eJiodtcenueM, 
ecjiH BbinojiHeHM cjieflyioinHe flBa ycjiOBHH: 

(i) / sBjraeTCH Bjio^KeroieM BHe inapa B p+q ; h 

(ii) JB p+q n /(S* x S« - B p+q ) = 0. 

noumu KOHKopdaHinHocmb onpeflejiaeTCH aHajiorHHHO, c toh pa3HHneii, hto inap 
B p+q 3aMeHHGTCH Ha B p+q x /. 

2.3. CTpyKTypa KOMMyTaTHBHOH rpynnBi. (A. CKoneHKOB) Onepannfl ^-na- 

paMeTpiIHGCKOH CBH3HOH CyMMbI 3aflaeT eCTCCTBGHHyK) CTpyKTypy KOMMyTaTIIBHOH 

rpynnbi na mhojkgctbg bjiojkchhh S p x S q —¥ S m c tohhoctbio flo KOHKopflaHTHOCTH 
(cm. piicyHOK 5). 3ia CTpyKTypa KoppeKTHO onpeflejieHa npn m > 2p + q + 2 [28]. 
Mbi npiiBO^HM ee (popMajitHoe onpeflejieHHe b §5. 

2.4. ^eficTBHe y3JioB Ha 3ay3JieHHBix Topax. ilpn m > p+q+2 mhojkcctbo 
BjiojKeHHH S p+q — > S m c tohhoctbio flo KOHKop^aHTHOCTH HBjiHeTCH rpynnoii OT- 
HOCHTejibHO onepaniin cbh3hoh cyMMH [9] . Ta jkb onepanira 3a,n,aeT fleitcTBHe stoh 
rpynnbi na mhojkgctbc bjiojk6hhh S p x S q — > S m c tohhoctbio pp KOHKopflaHTHOCTH. 
B §5 mm flOKajKeM, hto sto fleiicTBHe hhtjCkthbho npn m > 2p+q+2. 3aMeTHM, hto 

MHOJKeCTBO Op6llT flaHHOrO flCHCTBHH HaXOflHTCH BO B3ailMH0-0flH03HaHHOM COOTBeT- 
CTBHH C MHOJKeCTBOM BJIOJKCHHH S P X S q — » 5™ C TOHHOCTbK) flO KOHKOpflaHTHOCTH, 

rjia,zi,KOH BHe HCKOToporo KOHenHoro mho jkcctb a (pncyHOK 6). 

2.5. 06o3HaHeHHH. (a) E m (S p xS q )/E m (S p+q ) o6o3HaHaeT rpynny Bcex rjia^- 

KHX BJIOJKCHHH S P X S q — > S™ C TOHHOCTbK) ,3,0 KOHKOpflaHTHOCTH H CBH3HOrO CyM- 

MHpoBaHHa c bjkxscchhsmh S p+q S m . 

(b) E (S p x S q ) o6o3 H aHae T rpynny Bcex noHTH bjiojkchhh S p x S q — > S" 71 c toh- 
hoctbk) ,0,0 noHTH KOHKOp^aHTHOCTH (cTpyKTypa rpynnbi onpe^ejiaeTCH c noMOinbio 
S ,p -napaMeTpHHecKoii cbsbhoh cyMMbi). 

(c) Qp l q '■— 7Tp+2g-m+i (Vjv+ m -p-q— i,jv)j rAe Vi,j — MHozoo6pa3ue IHmuqjeAsi j-OCHa- 
ineHHii Hanajia KOop/niHaT b npocTpaHCTBe R* h ./V — floCTaTOHHO 6ojibiuoe hhcjio. 
3KBHBajieHTHO, fi™ — 3to zpynna HopMOAbHUX 6opdu3Moe ft>2p+3q-2m+2{P oc 'j (to— 
p — g— 1)A). MHorne H3 rpynn 0™ ? H3BecTHbi [18, 23]. 

2.6. CcpopMyjinpyeM ochobhoh "TeopeTHHecKHii" pe3yjitTaT pa6oTbi. 

Teopema 2.1. ffjisi Kaotcdozo m ^ p + |g + 2 u m > 2p + 5 + 2 cyuificmeyem 
mounasi nocAedoeameJi'bHocm'b 

E m (S p x S'9)/£; m (S' p+g ) ^ ^ m (5 p x s q ) A ^ -». 

-»• E Tn ^ 1 (S p x S" ? - 1 )/ J B m - 1 (S* ?,+ ' ? - 1 ) -> E m_1 (S' p x Si- 1 ) (2.1) 

flaHHaa TeopeMa no3BOjiaeT on;eHHTb nopa^OK hjih paHr rpynnbi E m (S p x S q )/E m (S p 
ecjiH H3BecTHbi cooTBeTCTByiomHe oneHKH ,n,jia rpynnbi i5 (S' 1 ' x S q ). H3 Teope- 
mm 2.1 TaKHce HecjiojKHO BbiBecTH (bopMyjiy Xecbjinrepa fljia rpynnbi 3an;enjieHHH 
S' U S' — > S™ b 2-MeTacTa6njibHoii pa3MepHOCTH [10]. KopoTKoe ^,OKa3aTejib- 
ctbo SToro KjiaccHnecKoro pe3yjibTaTa, bmcctc c flOKasaTejibCTBOM TeopeMbi 2.1 
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npH p = 0, npiiBOflirrcH b [30]. TeopeMa 2.1 npii p = aHajiorirma tohhoh no- 
cjie^OBaTejiBHOCTH KoinopKe: cpaBHii TeopeMM 3.1 h 3.5 b [30], h TeopeMy 3.1 b 
[19]. 

2.7. BeTa-HHBapnaHT. OTo6pa»ceHHe f3 : E m (S p x S q ) — > b TeopeMe 2.1 
— 3to hobmh HHBapnaHT, hbjijhoihhhch rjiaBHbiM HHCTpyMeHTOM HacTOHineii pa6o- 
th. Oh o6o6maeT: 

(a) /3-HHBapnaHT CHHrynapHbix 3aH,enjieHHH co 3HaieHHaMH b rpynne HopMajrbHbix 
6opflH3MOB [7, 17, 16]; h 

(b) /3-HHBapHaHT 3ay3jieHHbix TopoB [26, 28], cpaBHH c [10, 13]. 

KjironeBaa H^,ea 3Toro HHBapiiaHTa TaKOBa. fljisi JiioGoro iiohth bjiojkchhh / : 
S p x S q -> S m HMeeM }B p+q n /(* x S q ) = 0. Hani /3-iiHBapiiaHT H3 M epaeT 
"3an,enjieHHOCTb" cepepbi /(* x S q ) h (no#xofljnn,ero peTpaKTa) nojiHSflpa fB p+q . 

OcHOBHaa Hppsi pa6oTM coctoht b tom, hto c stoh tohkh 3peHiia iiccjieflOBaHiie 
iiohth bjiojkchhh S p x S q — > S m aHajiorHHHO iiccjieflOBaHHio CHHrynapHbix 3au,enjie- 
hhh S q US p+q — > S m . TaKiiM o6pa30M, mbi mojkem Hcnojib30BaTb Bee npenMymecTBa 
MeTO/ja Xa6errepa-Kaii3epa TeopHH CHHrynapHbix 3aii,enjieHHH pjw Haineii saflanii. 
Tenepb CKOHneHTpupyeMCH Ha tom, hto cflejiaHO b pa6oTe b flonojiHCHHe k MeTO/iy 
CTaTbii [7]. 

2.8. Ha6pocoK ,a,OKa3aTejii>CTBa TeopeMM 2.1. HaMeTiiM npoBepxy toh- 
hocth b HjieHe E (S p x S q ). Mm flamKHbi ,n,OKa3aTb, hto jiio6oe iiohth BjiojKeHiie 
/ : S p x S q — > S m , TaKoe hto /3(f) = 0, noHTH KOHKop,n;aHTHO bjiojkchhio. 

^ocTaTOHHO nocTpoHTb map B m C S m , TaKofl; hto f~ 1 B m = B p+q . ,H,eHCTBH- 
TejiBHO, y3eji / : dB p+q — > dB m TpiiBiiajieH corjiacHO TeopHH crjra jkhb cIhhs . Tskhm 
o6pa30M, mojkho 3aMeHHTb o6pa3 flHCKa f B p+q BjiojKeHHbiM flHCKOM b B m , h no- 
jiyHHTCH HyjKHoe Hail BjiojKeHHe. 

^ajiee, floCTaTOHHO 3aKjieHTb MepHflnaHM /(* x S q ) h f(S p x *) ppyMsi /niCKa- 

MH D q+1 H D P+1 (KOTOpbie Mbi Ha30BeM naymUHCLMu), BHyTpeHHOCTH KOTOpblX He 

nepeceKaiOT flpyr Apyra h o6pa3 f(S p x S q ). Tor,n,a HyacHbiii Han map B m 6yn,eT 
flonojiHeHneM k noflxoflHineii Tpy6naTOH oxpecTHOCTH o6 r be,n,HHeHHH D q+1 UD P+1 b 
ccbepe S m . 

CymecTBOBaHne nayTHHbi D p+1 rapaHTnpyeTca HepaBeHCTBOM m > 2p + q + 2 
h cooGpajKeHHHMH o6mero nojiojKCHHa. IIoctpohm Tenepb nayTHHy D q+1 . 3to 
Han6ojiee Tpyznibiii mar flOKa3aTejibCTBa, KOTopbiii Hcnojib3yeT npeflnojiojKeHHH 
(3(f)— Oh m ^ p + + 2. B cnjiy paccyjKfleHHH H3 CTaTbH [7], mm Moxeii 

CHHTaTb, HTO C(pepOHfl / |*xS9 CTSrHBaeM BH6 fB P+q . TaKHM 06pa30M, MM MOJKeM 

3aKjieHTb ccpepoH,n, /(* x S q ) (ne o6a3aTejibHO BjiojKeHHbiM) /i,hckom D q+1 b npo- 
CTpancTBe 5™ — fB p+q . Ilocjie 3Toro mm MO»ceM yn,ajiHTb caMonepeceneHHa 3Toro 
flHCKa, nojib3yacb TeopeMoii BjioacenHH. 

3to 3aKaHHHBaeT flOKa3aTejibCTBO b cjiynae, Kor^a BHyTpeHHOCTb ^,HCKa D q+1 
He nepeceKaeT MHOJKecTBa f(S p x S q — B p+q ). Cjiynait, Kor^a sth MHOJKecTBa ne- 
peceKaiOTCH, TaK }Ke KaK h TOHHOCTb b ocTajibHbix HjieHax E m (S p x S q )/ E m (S p+q ) 
h f2™ g Hameft nocjieflOBaTejibHOCTH, flOKa3MBaeTca npn noMoma no,n,xo,ii,HmeH otho- 
CHTejIbHOH BepcHH flaHHoro paccyjKfleHHH (cm. §4). 
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§ 3. BeTa-HHBapnaHT 

B 3tom pa3flejie mm npiiBO/piM no/i,po6HyK) KOHCTpyKiniio /3-HHBapnaHTa iiohth 
BJIOJKeHHH S p x S q -> S m . 

3.1. Hflea /3-HHBapnaHTa. HarjiH^,HO npe^CTaBHTB Hfleio HHBapnaHTa mojk- 
ho, o6paTHBinHCb k aHajiornn c MajiOMepHbiMii noHTH bjiojkchhhmh f\Jg : S 1 US° — > 
S 2 . 

3a<pHKcnpyeM pyry B 1 C S 1 . OTo6pa>KeHiie / U g : S 1 U S° — > S 2 Ha3biBaeTCH 
noumu eAoofcenueM, ecjm oho HBjiaeTCH BjiojKeHiieM bho B 1 h /B 1 n (/(S 1 — B 1 ) U 
.gS* ) = 0. IIoHmu u3omonusi ft Li gt ■ S 1 U S° — > S 2 — sto roMOTonna b Kjiacce 

nOITH BJIOJKCHHH. 

IIpoctchhihh HHBapiiaHT noHTH h30toiihh noHTH bjiojkehhh fUg : S 1 US — > S 2 
— 3to K03(p(pHD;HeHT 3aHenjieHHH Lk(/, g), KOTopbiii npHHHMaeT 3HaneHHa b rpyn- 
ne I2. 3tot HHBapiiaHT He HBjiaeTCH nojintiM: HanpnMep, noHTH BjiojKemie Ha 
pHcyHKe 7 Hejib3H 'pacncnHTt" c noMombio no^TH H30TonHH, xoth lk(/, g) = 0. 




PncyHOK 7 



B CHTyaniiH Ha pncyHKe 7 nojie3eH cjie/iyronniH /3-uHeapuaHm. Bo3bMeM ,a,BOH- 
Hyro TOHKy A OTo6paa;eHHH / : S 1 —¥ S 2 . IIpH ycjiOBHH o6mero nojiojKeHna mho- 
jkgctbo / _1 A coctoht H3 flByx tohck. CoeflHHHM 8TH ,n,Be tohkh Ayroii C*A C S . 
06pa3 /Ca — HeKOTopbiii incur, h hhcjio /3(f,g) — X)a ^(/Ca, ff) (mod 2), r,n,e 
cyMMHpoBaHHe Be^eTca: no BceM flBoiiHbiM tohkcIm OTo6pajK6HHH /, HBjiaeTCH hh- 
BapnaHTOM noHTH H30TonHH. Oh onpe,n,ejieH KoppeKTHO, TOjibKO ecjin lk(/, g) = 0. 
HanpHMep. Ha pncyHKe 7 /3(f,g) — 1, h sto /i,OKa3biBaeT, hto yxasaHHoe no^TH 
BjiojKCHHe fleiicTBHTejibHO Hejib3H "pacuenHTb". 

3.2. IIocTpoeHHe. HTo6bi peajiH30BaTb flaHHyio n^eio b 6ojiee bbicokhx pa3- 

MepHOCTJIX, MM CTpOHM! 

(i) aHajior nnicjia /Ca, cm. onpeflejieHne iniKjia / Hnare; h 

(ii) o6o6meHne KOsepcpnnneHTa 3anenjieHHH lk(/CA,/(* x S q )), cm. onpeflejiemie 
HHBapnaHTa /?(/) hhjkc 

OriPEflEJlEHHE 1 flAHHblX, CBH3AHHHX C flBOHHblMH TOHKAMH. [18] 3fleCb 

h flajiee / : S p x S q — > S m o6o3HanaeT HeKOTopoe noHTH BjioJKeHne. CflejiaeM 
/ norpyjKeHneM o6mero nojio>KeHHa c noMombio noHTH H30TonHH. PaccMOTpHM 



8 



ft. PEnOBIU, M. CKOIIEHKOB. M. U,EHUEJIb 



/niarpaMMy 



A 


1 > QP+q 




f 




A 


-i-> s 


n i 



3flecb A = Cl{ (x,y) G x 5^+? | a; ^ = /y } h A = A/Z 2 - mhozoo6- 

pa3UM deounux moueK. IIorpyjKeHHH i : A — > h j : A S"™ onpeflejiaiOTCH 

cpopMyjiaMH y) = a; h y} = /x. 06o3HannM nepe3 £(/) = Imi cumyAsipnoe 
MHoatcecmeo 0To6pa>KeHHH /. 

OnPEflEJiEHHE 2 u;hkjia / : T(Aa) — ► >5 m . [7] 06o3HaHHM nepe3 T(Aa) KOHyc 
HaKptiTHH A — > A. Bo3bMeM jno6oe npoflOjisceHHe i : CA — > _B OTo6pajKCHHH 
i : A — >■ £?. OnpeflejiHM / : T(Aa) - ► 5™ KaK cpaKTop-OTo6pajKeHHe KOMno3nnHH 
fi : CA -> S™. 

Tenept mm co6npaeMca onpe,n,ejiHTb HeKOTopoe o6o6meHHe KOScpcpnniieHTa 3a- 
n,enjieHHH. 3to — 3aHBjienHMn Bbinie mar (ii) nocTpoenna HHBapnaHTa. Hpo- 
^ojukhm BjiojKenHe /|* x s<! flo norpyjKeHHH / : D q+1 — > S m o6mero iiojtojkghhh 
(naymunu). iOBopa HecpopMajiBHO, HyjKHbin HaM "KoacpepHnnenT 3anenjieHH5i" - 
3to Kjiacc 6opflH3Ma "nepeceneHna" Im / n Im / c ecTecTBeHHMM "kocmm ocHaineHH- 
eM". Oh npiiHHMaeT 3HaHeHHa b zpynne HopMaAtnux 6opdu3Moe o6o6m,aiora;efl 
rpynny ocHameHHbix 3anenjiennH. 

IIocTpoeHHe Bcex ocnainennn Hnace ohgbh^ho, h nnTaTejib jierxo MO»ceT npony- 
cthtb rpoM03,nKHe niarn (3) n (2) bo Bcex nocjie/ryioiinix onpe^ejieHHax. YKa3an- 
HBie niarn He HcnojiB3yiOTCH b pa6oTe, 3a hckjuohchhcm ,zi;0Ka3aTe.nbCTBa npe/yio- 
>KeHHH 4.4, no cy™ 3aHMCTBOBaHHoro H3 [7]. 

OnPEflEjiEHHE 3 rpynnbi HOPMAJibHBix BOPflH3MOB Q S (P°°,IX). [18] Ha3o- 
BeM l\-MHozoo6pa,3ueM TpoiiKy, cocToanryio H3 

(1) MHoroo6pa3HH M ("3anenjieHHe") ; 

(2) jiHHCflHoro paccjioeHHH Aju HaM;i 

(3) H30Mop<pH3Ma g : v(M) = ZAm '■= Am © • ■ • © Am ("Kocoe ocHaineHne"), iyje 

i 

v(M) — CTa6HjiBHoe HopMajibHoe paccjioeHHe k MHoroo6pa3nio M. 
Fpynna HopMaAt>nux 6opdu3Moe VL S (P°° — sto MHOxcecTBO Bcex s-MepHbix 
ZA-MHoroo6pa3Hft c TonHOCTbio flo 6op^E3Ma (nMeioinero aHajiorn^Hoe "Kocoe ocHa- 
ineHne"). Ha stom MHOJKecTBe onepanna HecBH3Horo o6be,a,HHeHHn onpe^ejiaeT 
CTpyKTypy KOMMyTaTHBHOft rpynnbi. 

3^ecb n flajiee 6yfleM o6o3HanaTb s = 2p + 3q — 2m + 2, / = m — p — q — 1 
e n = p + q. CoraacHO [18] mm HMeeM Q S (P°° = 7rj-|_ s (Vjv+i,iv) = AJia: 
,a,0CTaTonHO 6ojibmoro nejioro HHCjia TV. 06o3HannM nepe3 N(X, Y) HopMajibHoe 
paccjioenne k X b Y h nepe3 e — TpHBnajibHoe oflHOMepHoe jiHHeiiHoe paccjioeHne. 

OnPEflEJIEHHE 4 (m — n)A-MHOrOOBPA3Hfl ^BOHHblX TOHEK. [18] ,H,aHHbie, 
CBH3aHHbie C flBOHHblMH TOHKaMH, npHBOflHT K nOHSTHK) (m — n)\-MH0Z0o6pa3UH 

deounux moueK (A,Aa,<?), b kotopom: 

(1) A HBjiaeTca MHoroo6pa3neM flBoiiHbix Tonex; 

(2) Aa aBjiaeTca jinHeftHbiM paccjioeHneM, accon;HHpoBaHHbiM c naKpbiTneM A — > A; 
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(3) g : N(A, S m ) = (m — «)Aa © e m ™ ctpohtch cne/ryroiniiM o6pa30M. 

^JIH KajK/JOH TOHKH {x, y} G A MM HMeCM 

iV(A, £* iV(A, fl) (XiW) © iV(A, fl) (v , x) S 7V(B, S m ) y © 7V (jBj 

IlycTb B6KTopbi {e^}^]™ o6pa3yiOT TpHBHajiH3arniio paccjiocHna N(B, S m ) b tohkc 
.x G Tor^a BeKTopu {e^,e^} o6pa3yiOT "Kocoe oCHameHHe" MHoroo6pa3HH A. 
Ecjih mm iiomghhgm MecTaMH tohkh a; h y b nape (cc, y) G A, TO BeKTOpbl H 
e?J noMeHHiOTCH MecTaMH. TaiaiM o6pa30M, paccjioeHiie N(A, S m ) pacnaflaeTca b 
cyMMy Bcex jiHHeiiHbix paccjioeHHH (e^ + e^} = e ii jiiiHeftHbix paccjioeHiifi (e*i — 
e y) — Aa, r A e = l,-.-,m — n. ^aHHoe pa3jic»KeHiie onpeflejiaeT HeKOTopbiii 
ii30MO P (pH3M g : N(A, S m ) £< (m - n)X A © e m ~ n . 

3aMeTiiM, nTO npocTpaHCTBO paccjioeHHii Aa mojkho OToac/jecTBHTb c noflMHO- 
jkgctbom KOHyca T(Aa) HaKpbiTHa A — >• A. Byn,eM o6o3HanaTb orpaHii^eHiie irmcjia 
/ '■ T(Xa) — > S m Ha /i,aHHoe no/rMHCOKecTBO Taicsce nepe3 / : A a S m . 

OnPEflEJIEHHE 5 BETA-HHBAPHAHTA /3(f). (1) Mn020o6pa3Ue (3 = /3(f). Tlo- 
JIOJKHM 

p = {(x,y)£D«+ 1 xX A fx = fy}. 

(2) JIuneuHoe paccjioenue Xp na MHozoo6pa3uu j3. 06o3Ha x iiiM pr : f3 — > A ohcbii/i,- 
Hyio KOMn03HHHIO /3 -»■ D q+1 x A A ->• x A = A. IIojicokiim A/3 = pr*(A A ). 

(3) Cma6uM>Huu u30Mop<f)U3M g : v(/3) = IXp. OrpaHiiiiiM CTa6HjibHMH H30- 
Mop(pii3M g : v(A) = (I + 1)Aa, nocTpocmibiii b niare (3) onpe/i,ejieHiiH (m — 
n)A-MHoroo6pa3Ha ^bohhmx Tonex, Ha paccjioeHHe < e\ — e x y > . Mm nojiy- 

HEM H30MOp<pH3M I^(Aa) — ^Aa © e' + 1 - OTOJK^eCTBHM J^(Aa) H v(D q+1 X Aa)- 

OrpaHHHHBaH npe/nj/ryinHH H30Mop<pH3M Ha MHoroo6pa3ne f3, Mbi nojiynaeM H30- 
MopcpH3M g\ : v(D q+1 x Aa) \p — ZA^g © e l+1 . Bo3bMeM TpnBnajiH3aniiio Hop- 

MajIBHOrO paCCJIOeHHH N(D q+1 , S" 1 ). 3t& TpHBHajIH3aH,HH 3aflaeT H30MOp(pII3M 

52 : v(0) = v{D q+1 x A A ) \p © e ra_rl . Hojiokhm g = (g 1 © id) o ff2 - 

rtPEflJlOKEHHE 3.1. <PopMyAa f i-> /?(/) KoppeKmHO onpedeAJiem neKomopoe 
omo6paoiceHue E (S p x S"?) ->• 

/],OKA3 ATEJTbCTBO . HaM HyjKHO npoBepHTb cjie^yiomee: 

(1) Kacicc 6opdu3Ma /3(f) He 3aeucum om eu6opoe e ego nocmpoenuu. flpvi- 
CTBiiTejibHO, b npouecce nocTpoeHHH mbi flejiajin cjieflyiomne neTBipe BBi6opa. B 
onpeflejieHHH n,HKjia / mbi Bbi6HpajiH npo^ojBKeHHe i : CA — > D p+q . B niare (3) 
onpeflejieHHH (m — n)A-MHoroo6pa3HH flBoimbix TO^ieK mh BbiGnpajin TpiiBiiajiH- 
3ainiio paccjioeHHH N(D p+q , S m ). B niare (1) onpeflejieHHH HHBapnaHTa /3(f) mm 
Bbi6HpajiH npoflOjuKenne / : D q+1 — > S m . H b niare (3) Toro »ce onpeflejieHHH mm 
Bbi6npajiH TpHBHajiH3an,nio paccjioeHHH N(D q+1 ,S m ). Scho, hto Bee paccMaTpn- 

BaeMbie npOflOJIJKeHHH H TpHBHajIII3aH;HH e,H,HHCTBeHHM C TOHHOCTbK) TOMOTOnHH. 

CjieflOBaTejibHO, Kjiacc /3(f) onpeflejieH KoppeKTHO. 

(2) Ecau f\ u $2 noumu KOHKopdanmHU, mo /3(/i) = f3(fi)- r n^ eHCTBHTejnjH0 ! 
nycTb / : S p x S q x / — > S m x / nonTH KOHKopflaHTHOCTb o6m;ero nojiojKeHiia Mexpy 
fx vi f 2- AHajiorHHHO nocTpoeniiio Bbinie mojkho nocTpoHTb /3-HHBapnaHT /3(f) stoh 
noHTH KOHKop^aHTHOCTH. IIocjieflHHii HHBapnaHT 6y^,eT 6op,n,H3MOM MejK/ry /3(f\) 
h /3(f 2 )- TaraM o6pa30M, /3(fx) = (3(f 2 ). 



10 



f\. PEnOBIII, M. CKOITEHKOB, M. ITEHIIEJIb 



IIpHBefleM OTHOCHTejibHyio BepcHio npeflbiflymero nocTpoe-HHH, cm. piicyHOK 8. 

OnPEflEJIEHHE 6 COBCTBEHHOrO nOMTH BJIOKEHH5I S p X D q — > D m . 3a- 

cpiiKCiipyeM map B p+q cS p x Int D q TaKoft, hto B p+q n (* x D q ) = 0. Co6cTBeHHoe 
OTo6pa»ceHHe / : S p x D q —> D m 6yn,eM Ha3biBaTb co6cmeeHUM nonmu eJiowcenueM, 
ecjiH BbinojiHeHbi cjieflyiomiie ycjiOBHH: 

(i) / HBjraeTCH Bjio>KeHHeM BHe B p+q ; h 

(ii) fB p+q n f(S p x D q - B p+q ) = 0. 

Co6cmeeHHaH nonmu KOHKopdanmHocmb onpeflejiaeTCH aHajiorHHHO, c toh pa3HH- 
n,eii, hto map B p+q 3aMeHaeTca B p+q x I, Gmandapmnoe bjiojkghiic S p x D q — > £> m 
onpeflejiaeTCH kbk komho3he,hh S p x D q d D p+1 x = c £> m . 




PucyHOK 8 



OnPEflEJIEHHE 7 COBCTBEHHOrO UOHTVL BJI05KEHHH D p+q -> Z? m . Co6cmeeH- 

noe nonmu ejiootcenue D p+q — > D m — sto co6ctbghhog OTo6pa>KCHHe, orpaHnneHHe 

KOTOpOrO Ha Kpafi HBJIfleTCH BJICOKeHHCM. 

OnPE/],EJiEHHE 8 nAyTHHbl /. 3a<pHKCHpyeM CTaH^apTHoe SKBaTopHajibHoe pa3- 
6iiemie dD q+1 = D q + Ug jji —g pi = qdi D q _ . naymuna co6cTBeHHoro noHTH bjiokchhh 
/ : S p x £> 9 — > D m — 3to OTo6pajKGHiie / : D q+1 — > D m , ynoBjieTBopinomee cjie- 
/ryionniM flByM ycjiOBHHM: 

(i) / d\ = f \*xdi ; H 

(ii) fD 9 _ C dD m . 

OnPEflEJTEHHE 9 OTHOCHTEJTbHBIX BETA-HHBAPHAHTOB /3(f) H /3(f,g). Onpe- 
^ejieHHe (omnocumeAbHoao) {3 -uneapuanma (3(f) co6cTBeHHOro noHTH bjiojkghhh 
/ : S p x D q — > D m nojiHOCTbio aHajiorHHHO onpeflejieHHio HHBapiiaHTa (3(f) Bbiine, 
c toh pa3HHD,efl, hto OTo6pa»ceHHe / |* X S9 3aMenaeTCH na / |*xD9 ■ 

Ecjih flaHO co6cTBenHoe OTo6pajKeHne g : D q — > D" 1 , o6pa3 KOToporo He nepe- 
ceKaercfl c f(S p x D q ), to mcc-kho onpeflejiHTb 13-uHeapuanm /3(f,g) aHajiorHHHO 
HHBapnaHTy (3(f), c toh pa3HHHeft, hto OTo6pa:sceHHe / \*xDi 3cLmghhgtc5i OTo6pa- 
jKCHHeM g. 

OneBHflHoe Ha6jno,n,eHHe: 

IIPEflJTOKEHHE 3.2. Omo6paatceHue g i— > /3(f,g) undyuupyem zoMOMopcpusM 
zpynn Tr q (D m — Im/, dD m — Im/) — > KpoMe mozo, ecjiu co6cmeeHHOe 

omo6paatceHue g : D q — > D m docmamoHHO 6au3ko k omo6pacnceHuw f\*xDi, mo 
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§ 4. IIojiHOTa 6eTa-HHBapHaHTa 

B 3tom pa3,a;ejie mm ,i];0Ka3biBaeM nojiHOTy /3-HHBapnaHTa: 

Teopema 4.1. Ilycmb m ^ p + |q + 2. Tozda M,K>6oe co6cmeeHHoe noumu bjio- 
atcenue f : S p x — > D m , djiH Komopozo /3(f) = 0, co6cmeeHHo noumu kohkop- 
danrrmo ceH3Hou cyMMe cmandapmnozo ejiowcenusi S p x D q — > D m u neKomopozo 
co6cmeeHHozo noumu eAooKenuti D p+q — > D m . 

4.1. Cna^iajia ccpopMyjinpyeivi Hainy neHTpajibHyio jieMMy, KOTopaa onHCbmaeT 
roMOTOnniecKHe rpynnbi flonojiHeHHH k co6cTBeHHOMy noHTH bjiojkchhio (cpaBHH 
c [7; cjieflCTBHe 4.4]): 

JIemma 4.2 O flonoJiHEHHH. Ilycmb m ^ p+ |g + 2. Tozda jim6oe co6cmeen- 
noe noumu ejiocHcenue f : S p x D q — > D m co6cmeeHHO noumu KOHKopdanmno co6- 
cmeenHOMy noumu eAOMcenum /' : S p X D q — > D m o6uifizo nojiowcenusi, maKOMy 
umo 

n q (D m - Im f,dD m - Im/') = Sl% q . 
Hocjiednuu u30M,op$>u3M 3adaemcji cfiopMyAou g i— > fl(f',g). 

B ^iacTHOCTH, ecjiH /?(/) = 0, to jiio6oe co6ctbchhog OTo6pa:sceHHe g : D q — > 

D™ — Im/', ,H,OCTaTOHHO 6jIH3KOe K /' |* x .D<z , Co6cTBeHHO TOMOTOnHO nOCTOHHHOMy 

OTo6pa>KeHHio (b Kjiacce co6cTBeHHbix OTo6pajKeHHii D q — ) D m — Imf). 3to 
3aMenaHHe cjie/ryeT H3 npe,n;jiO}KeHHH 3.2 Bbinie h cocTaBjiaeT ocHOBy cjie/ryioiHero 
paccyjKfleHHH. 

^OKA3ATEJIbCTBO TEOPEMH 4.1, HCXOflfl H3 jlEMMbl 4.2. ^OKa3aTejIbCTBO 

npoxoflHT b 3 STana: 

(1) IIocmpoeHue naymunu, enympeHHOcmb Komopou ne nepeceKaem Im / . Bo3b- 
mbm co6cTBeHHoe noHTH BjicnKfiHiie / : S p x D q —> D m . IlycTb /' : S p x D q D m 

— C06cTBeHH0e nOHTH BJIOXeHHe (co6cTBeHHO nOHTH KOHKOp^aHTHOe OTo6pajKeHHio 
/), TaKOe HTO BbinOJIHeH H30MOp(pH3M H3 JieMMbI 4.2 O flOnOJIHCHHH. 

Be3 noTepii o6ihhocth mojkho CHHTaTb, hto /' — norpyjKCHHe o6mero nojiojKe- 
hhh, TaKoe hto f'(S p x D q ) opToroHajibHO rpaHHne dD m . Tax xax orpaHH^ieHne 
HopMajibHoro paccjioeHHH N(f'(S p x D q ),D m ) Ha fliiCK /'(* x D q ) TpHBHajibHO, 
to cymecTByeT eflUHHHHoe bgktophog nojie Ha .zniCKe /'(* x D q ) 1 opToroHajibHoe 
o6pa3y f'(S p x D q ). HpuKjieHM k /niCKy /'(* x D q ) BopoTHHKOByio OKpecTHOCTb 
b HanpaBjieHHH stoto BeKTopHoro nojra. KoMnoHeHTa Kpaa stoh bopothhkoboh 
OKpecTHOCTH o6pa3yeT co6cTBeHHoe OTo6pajKeHHe g : D q — > D m — Im/'. 

CorjiacHO jieMMe 4.2 o flonojmeHHH (h a63an;y nocjie ee (popMyjinpoBKn) OTo6pa- 
»ceHHe g : D q — > D m — Im /' co6ctbchho roMOTonHO nocTOHHHOMy OTo6pa»ceHHio. 
SHa^iHT, k paccMaTpHBaeMofi KOMnoHeHTe Kpaa bopothhkoboh OKpecTHOCTH mojk- 
ho npHKjiCHTb ,hhck (bo3mojkho, caMonepeceKaiomHHCH) , He nepeceKaiomnii Im/', 
Kpaii KOToporo jiokht b ImgUdD" 1 . 06 r be,n,HHeHHe flHCKa h bopothhkoboh OKpecT- 
hocth — o6pa3 hckomoh nayTHHbi / : D q+1 — > D m . 

(2) ycmpanenue caMonepeceuertuu naymunu. CorjiacHO [11; Theorem 2.1] cyme- 
CTByeT KycoHHO-rjiaflKHH roMeoMop(pH3M h : D m — > D m , TaKoit hto OTo6pa>KeHHa 
f' PL := hf h fpi, := hf KycoHHO-jiHHeiiHbi. 06o3HanHM nepe3 M m .nonojiHeHHe k 
peryjiapHOH OKpecTHOCTH o6pa3a Im/p L b D m . Toiyja napa (M m ,dM m n dD m ) 
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^ocTaTOHHO bbicoko CBH3Ha (cm. npefljicoKemie 4.6 amae). Cjie/ryiomafl TeopeMa 
no3BOjiaeT ycTpaHHTb caMonepeceneHiiH nayTimbi: 

TEOPEMA 4.3 O BJ1COKEHHH, flOnyCKAIOIIlAfl ,ZJBH>KEHHE HACTH KPAfl. Ilycmb 

(M m ,M m ~ 1 ) — napa KycouHo-AUHeuHux Mnozoo6pa3uu, manasi umo M™" 1 C 
dM m . IIpednoAOMCUM, nmo 3ma napa (2q~m+3)-ceM3Ha u m g+4. IIycmt> fpL '■ 
(D q+1 ,D q L) — > (M m ,M m_1 ) — KycoHHo-JiuneuHoe omo6pawceHue, Komopoe eKAa- 
dueaem D q + e dM m — IntM m_1 . Toeda fp^ soMomonno rel £);? KycoHHO-AuneuHOMy 
eAOMcenuw f Emb : £>I) (M m , M m_1 ). 

3Ta TeopeMa ,n,OKa3biBaeTCH nojiHOCTbio aHajioriimio [14; Theorem 9.2.1]. Co- 
rjiacHO TCopnH crjia>KHBaHHH, KycoHHO jiimeHHoe BjiojKeHiie h~ 1 fEmb co6ctbchho 
roMOTormo ve\D q + nayTime /' : D q+l — > D m , KOTopaa ysce HBjraeTCH rjiaflKHM 
BjiojKeHiieM. 

(3) Pa3AooK.eHue f e ceH3Hyw cyMMy. IIycTi> B m — flonojmeHiie k o6 r befliiHC- 
hhk) Tpy6 x iaTbix OKpecTHOCTeii MHoroo6pa3ira f'(S p x D q — Int_B p+9 ) h nayTimbi 
f'D q+1 b D rn . Tor^a B m - rjiaflKiifi map, npireeM (f)- l B m = B p+q . 06o3 H a- 
hhm orpaHH^ieHHe /' : B p+q — > B m iepe3 g 1 : B p+q — > B m . JlerKO BHfleTb, hto 

/' C06cTBeHH0 nOHTH KOHKOp^aHTHO CBH3HOH CyMMe (oTHOCHTejIbHO Kpaa) OT06- 

pajKeHHH g' : B p+q — > B m h neKOToporo bjiojkchhh S p x D q — > D m . Ilocjiefl- 
Hee co6cTBeHHO o6 r beMjieMO KOHKopflaHTHO CTaimapTHOMy (coraacHO Hecjio>KHOMy 
npefljio>KeHHio 5.7(a) misce). TeopeMa 4.1 ,n;oKa3aHa. 

4.2. OcTaBinaacH ^acTb §4 nocBHmena ,n,OKa3aTe.jibCTBy jieMMbi 4.2 o /jonojrae- 
hhh. Haine paccyscfleime napajijiejibHO [7; §§3-4]. 

4.3. 06o3HaHeHHH. HaHimaH c SToro MOMeHra, OTO»mecTBHM fliiCK D m c 
BcpxHeii nojiyccpepoft ccpepbi S m ii 3acpiiKCiipyeM pa36iieHiic S m — D m U CS m ~ l . 
06o3HaHHM nepe3 {X, Y} mho^kcctbo CTa6iuibHbix roMOToniiHecKiix KjiaccoB oto6- 
pajKeHHii X — > Y. 

nPHMEP 2. {(D q ; S* 9 " 1 ) , (L> m -Im/,<9)} = {S q , S m - f{S p x D q )} (noTOMy hto 
napa [X, Y) CTa6iuibHO roMOTommecKii SKBHBajieHTHa npocTpaHCTBy X U CY). 

Cjieflyiomee npe/yiojKeHHe noKa3biBaeT, KaK Bbipa3iiTb /3-iiHBapnaHT nepe3 ro- 
MOTonHHecKHfi Kjiacc co6cTBeHHoro OTo6pa?KeHHH g : D q — > D m — Im / b rpynne 
TT q (D m — Im /, d). ,HaHHoe npe^jiosKeHHe mojkho paccMOTpnBaTb KaK ajibTepHaTHB- 
Hoe onpeflejieHne /3-HHBapnaHTa /?(/, g). 

IlPEflJiOKEHHE 4.4. (cpaenu c [7; npefljiojKeHiie 3.2\) Bpu KOMno3uv,uu 

n q (D m - Im /, d) ^ {S q , S m - Im /} 

{lmf,S rn - q - 1 } ^(Aa),^™"^ 1 } ^> n s (P°°,lX) (4.1) 

zoMomonuHecKuu KAacc coGcmeeHuozo omo6pacnceHuji g : D q — > D m — Im / nepe- 
xodum e /3(f,g). 

3^ecb nepBaa CTpejiKa — OTo6pa»ccHHe HaflCTpoiiKH. BTopoe OTo6pajKeHiie — 
3to ^BOHCTBeimocTb CneHHepa-YaHTxefla. TpeTba CTpejiKa HH,ayirnpyeTCfl oto6- 
pajKeHiieM /, onpeflejienHbiM b §3. HeTBepTaa CTpejiKa 3aflaeTCH KOHCTpyKixiiCH 
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IIoHTparHHa-ToMa (cm. ^eTajiH b [18]). ,H,aHHoe npe/yiojKeHne ,i];0Ka3MBaeTCH Heno- 
cpeflCTBeHHOii npoBepKoii. OaKTH^ecKn, ero ^ocTaTOHHO flOKa3aTt pjlsi OTo6pajKe- 
hiih / : B p+q — > S m , hto ^ejiaeTCH nojmocTbio aHajiorH^HO [7; npe^jiojKeHHe 3.2]. 

flaHHoe npefljiojKeHHe noflCKa3biBaeT, hto nojie3HO HanTH roMOTonimecKHii ran 
o6pa3a Im /: 

IIPEflJTOKEHHE 4.5. (cpaenu c [7; §£]) 06o3HauuM uepe.3 C kohtjc omo6pacnce- 
hu« /:£(/)->• /£(/). Tozda Im/ ~ C V S p . 

^0Ka3aTejiBCTB0 3Toro npefljiojKeHHH HeivrefljieHHO cjie/ryeT H3 Ha6jno,a,eHHfl, hto 
06a paccMaTpHBaeMbie npocTpaHCTBa MoryT 6mtb nojiyneHM H3 nojinsflpa Gyl(E(/) — > 
/S(/)) ^Jstf)(zSPxDi (S p x D q ) c noMOinbio CTflrnBaHHH no/rxoflHinnx no,zniojiH3flpoB 

(pHCyHOK 9). 




PncyHOK 9 

HanHeM Tenept nccjieflOBaHne roMOTonnnecKoro Tana napu (D m — Im/, 9). 

ilPEflJTOKEHHE 4.6. (cpaenu c[7; jieMMa 4.2]J jiw6o8o nozpyMcenusi / o(J- 
u^ego noAOMcenusi napa (D m — Im /, 9) jieAJiemcM c-cesi3Hou, zde c — mm{m — p — 
2,2m-2p-2g-3}. 

,Z],OKA3ATEJlbCTBO. IIpH ycjiOBHH Kopa3MepHOCTH no Kpaimen Mepe 3 napa (D m — 
Im /, d) no o6meMy nojiojKennio o/i,HOCBH3Ha. CorjiacHO TeopeMe Bbipe3aHHH hmgcm 
Hi(D m — Im/, d) = Hi{S m — Im/). IIo ,n,BoftcTBeHHOCTH AjieKcaH^epa Hi(S m — 
Im/) = _ff m_t_1 (Im /). CorjiacHO npe/yiojKeHnio 4.5 mm HMeeM f/™ _4_1 (Im/) = 
jiflu i ^ c, Tax Kax no oGineMy nojiojKeHnio dim C = 2p + 2g — m + 1. IIo TeopeMe 
FypeBHHa napa (_D m — Im /, 9) HBjiaeTCH c-cbh3hoh. 

,Z],OKA3ATEJlbCTBO JlEMMbI 4.2 O flOITOJlHEHHIl. ^OCTaTOHHO nOKa3aTb, HTO 

npn noflxoflain;eM Bbi6ope OTo6pa?KeHHH /' Bee CTpejiKH b K0Mno3nniffl H3 npe^- 
jiojKeHHH 4.4 6neKTHBHM. HaM noTpe6yeTca H3MeHHTb ncxomroe OTo6pajKeHne / 
tojibko b mare (4) Hnace. 

(1) Ilepeoe omo6paatceHue 6ueKmueHo corjiacHO npefljiojKCHnio 4.6 n TeopeMe o 
Ha^CTpofiKe, Tax KaK npemrojioxenne m ^ p + -^q + 2 BjieneT HepaBeHCTBO q/2 ^ c. 

(2) Bmopoe omo6paotceHue 6uckttiu&ho corjiacHO ^BoncTBeHHOCTH CneHnepa-yaiiTxefla. 

(3) Tpembe omo6pacnceHue 6utnmueHo. CorjiacHO npe/rjioisccHHio 4.5 nojiyna- 
e M {Im/,,?" 1 - 9 - 1 } £S {C,S m - q - 1 }. OcTaeTca npoBepnTb, hto {C,S m ~ q - 1 } S 
{T(Aa), S m ~ q ~ 1 }. 06o3Ha x mM ^iepes At orpaHmieHne paccjioeHna Aa na Tpoimbie 
totkh, ^iepes Ct — o6pa3 npocTpancTBa T(At) npn OTo6pa?KeHHH T(Aa) — > C, 
n nepe3 R — KOHyc OTo6pa>KeHHH T(At) — > Ct- Tor^a R — ,i];e(popMan,HOHHbiH 
peTpaKT KOHyca OTo6pajKeHHH T(Aa) — > C . PaccMOTpnM TOHHyio nocjieflOBaTejib- 
hoctb Hynne napbi (Cyl(T(A A ) -> C),T(A A )): 

{R^" 1 -''- 1 } -> {C, S 7 "-^ 1 } -> {T(A A ),S m -' 3 - 1 } -»• {R, S m - q }. 
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Tax KaK R hmcgt pa3MepH0CTb He 6ojiee 3g + 3p — 2m + 2, to BBH,ny npe^uojio- 
jkchhh to > p + |g + 2 nojrynaeM, hto {C, S*™-^ 1 } {T(A A ), S*™"^ 1 }- ^cho, 
hto nojiyHeHHbift H30Mopcpn3M {Im /, S m ~ q ~ 1 } = {T(Aa), S rn ~ q ~ 1 } HH/ryniipyeTCH 
OTo6pa»ceHHeM / : T(Aa) — > Im/. 

(4) HpeepauifiHue uemeepmozo omo6pawcmusi e 6ueKmueHoe. Jlerxo BHfleTb, hto 
neTBepToe OTo6pa:aceHHe 6hgkthbho , ecjiH OTo6pa:aceHHe A — > P°° , KjiaccncpHirnpy- 
romee paccjioeHHe Aa, HBjraeTCH (s + 1)-cbh3hmm. ^encTBHTejibHO, corjiacHO koh- 
CTpyKUHH IIoHTpHrHHa-ToMa {T(AA),S m_r1 } = J7 s (A,ZAa), h no TeopeMe o na- 
KpbiBaioineii roMOTonnii HHflynnpoBanHoe OTo6pa:aceHHe J7 s (A,iAA) — * fi s (P°°,ZA) 
6yn,eT H30MopcpH3MOM. (OnpeflejieHne rpynnbi 57 S (A, ZAa) h ^eTajiH flamroro pac- 
cyjKfleHHH npiiBOflHTca b [7; §3] n [18]). 

TaKHM o6pa30M. HaM ocTaeTCH c/jejiaTb Kjiaccncpnnnpyioince OTo6pa>KeHHe A — > 

P°° (s + l)-CBH3HbIM npH nOMOHIH IIOflXOflflineH C06CTBGHH0H nOHTH KOHKOp,H,aHT- 

hocth noHTH bjiojkchhs /. 3to bo3mo>kho b cmiy cjie/jyiomefi TeopeMbi: 

Teopema 4.7 O XHPypriiH. (cpaenu c [7; TeopeMa 4.5]) PaccMompuM (s + 
l)-cesi3H0e MHoeoo6pa3ue M m u co6cmeeHHoe nospyotcenue f : B n — > M m , ozpanu- 
Henue f \dB n Komopozo na npau — ejiootcenue. PipednoAootcuM, umo 2s 2n — to — 2 
uO $J s ^ m~n~3. Tozda c noMompw neKomopou pezyjisipnou zoMomonuu reldB 71 
nozpyotcenuji f : B n — > M m KAaccugjwuupywinee omo6pacnceHue A — > P°° Hanpu- 
musi A — > A mochcho cdeAamb (s + 1)-c6ji3hum. 

Mh npHMeHHeM flaHHyio TeopeMy npn s = 2p + 3q — 2m + 2 n n = p + q. 
^OKasaTejibCTBO TeopeMbi 4.7 o xiipypraii nojmocTbio aHajiornnno flOKa3aTejibCTBy 
[7; TeopeMa 4.5]. Mh npnBOflHM ero b IIpHjiojKeHHH pjin ya;o6cTBa HHTaTejia. 

TaKHM o6pa30M, Mbi fl0Ka3ajiH nojiHOTy /3-HHBapnanTa, c^HTaa TeopeMy 4.7 o 
xnpyprnn flOKa3aHHOft. 

§ 5 . ToHHaa nocjie,n,OBaTejiBHOCTB 

B flaraoM pa3/;ejie mbi bbibo#hm TeopeMy 2.1 H3 yTBep:sc,zi,eHHH o nojiHOTe /3-HHBapnaHTa. 
OopMajibHO, TeopeMa 2.1 cne/ryeT H3 yTBep:»c,zi,eHHH 4.1, 5.1, 5.2 h 5.5. 

TEOPEMA 5.1. IIycrm> m p+|g + 2. Tozda djin Kawcdoao x £ 0™ 9 cymecmey- 
em co6cmeeHHoe nonmu eAootceHue lo x : S p x D q — > D m , maKoe umo f3(u) x ) = X. 

^OKASATEJlbCTBO TEOPEMbI 5.1, HCXOflfl H3 JIEMMEI 4.2. IIoCTpoeHHe 3Jie- 

MeHTa u> x coctoht H3 3 niaroB: 

(1) nocmpoenue omo6pacnceHUJi f U g : S p x D q U D q D m , maKozo umo 
P{f'i9) — x - HanHeM co CTaH^apTHoro BjiojKeHHH / : S p x D q — > D m . LTo 
jieMMe 4.2 o ,n,onojiHeHHH H3 §4 OTo6pa?KeHHe / co6ctb6hho iiohth KOHKopflaHT- 
ho co6cTBeHHOMy iiohth BjiojKeHHio /' : S p x D q —> D m , TaKOMy hto OTo6pa»ceHHe 
/?(/', •) : ir q (D m — Im/', d) — > HBjiaeTCH H30M0pcpH3M0M. Bo3bMeM coGcTBeH- 
Hoe OTo6pajKeHHe g : D q — > D' m — Im/', Taxoe hto 0(f',g) = x. 

(2) PoMomonuHecKoe npodoAotceHue omo6pacncemMi g : D q — > D' m — Im/' do co6- 
cmeeHHozo eAootcenuji g' : S p x D q — > D m — Im/'. Tax KaK napa (D m — Im/', d) 
/^ocTaTOHHO bbicoko CBH3Ha (cm. npefljiojKeHHe 4.6), to no TeopeMe bjiojkchhh 
[14; TeopeMa 8.2.1] caMonepeceneHHH OTo6pasKeHHH g : D q — > D m — Im/' mo»c- 
ho ycTpaHHTb. CorjiacHO Teopnn Xnpnia mojkho c/i,ejiaTb g : D q — > D m — Im /' 
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TJiaflKHM BJIOJKeHHeM C TpHBHajIBHBIM HOpMajIbHblM paCCJIOeHHeM. 3HaHHT, Moac- 

ho npoflOjiJKHTB BjiojKeHHe g : D q — > D m — Im /' flo co6cTBeHHoro bjiojkchhh 
g' : S p x D q — > D m — Im/', TaKoro hto o6pa3 Img' coflepjKHTca b Tpy6iaTOH 
OKpecTHOCTH o6pa3a Img. 

(3) S p ' -napaMempuuecKasi cejisnoe cyMMupoeanue omo6pacnceHuu /' u g' . 3a- 
cpHKCHpyeM OTMe^ieHHyio TOiKy * 6 dD q . IIo nocTpoeHHio /' \ g KOHKOH,n;apTHO 
CTaHflapTHOMy BjicoKemno. 

3HanHT, ccpepy f'(S p x *) mojkho 3aKjieHTb ocHameHHbiM ^hckom D p+l C dD m 
(naymuHou) , tskhm hto Int nlm /' = h nepBbie g BeKTopHbix nojieit ocHame- 
hhji flHCKa dD p+1 KacaiOTCH o6pa3a f'(S p x 5 9 ). IIo o6meMy nojiosceHHio flaHHaa 
nayraHa He nepeceicaeTCH c Img, a 3HaHHT, h c Im g'. 5Icho, hto ccpepa g'(S p x *) 
TaKace mojket 6biTb 3aKjieeHa nayTHHoii D p+1 C dD m , BHyTpeHHOCTb KOTopoii He 
nepecexaeTCH c Im(/' U g') h c nepBofi nayTHHoii D p+1 . 

Coe/niHHM n,eHTpbi nayTHH D p+1 h D p+l nyTCM / b dD m . IIo o6ineMy nojio- 
jkchhio nyTb / nepeceKaeT Im(/' U g') U D p+l U D p+1 tojibko no CBoeii rpaHHHC 
dl. IlycTb D m — o6 r beflHHCHHe Majibix Tpy6naTbix OKpecTHOCTeii MHoroo6pa3Hii 
D p+1 , I h D p+1 b mape D m . 5Icho, hto nepeceneHHe lm(f Li g')OD m CTaHflapTHO. 
,H,ejiaH S'P-napaMeTpHnecKyio CBH3Hyio cyMMy OTo6pajKeHHit /' : S p X D q — > D m 
h g' : S p x D q D m othochtcjibho Kpaa b mape D m , Mbi nonynaeM hckomoc 

C06cTBeHH0e nOHTH BJIOJKeHHe UJ X . 

5.1. 06o3HaHeHHH. n yC Tb E {S p x D q , S p x S^ 1 ) — rpynna co6cTBeHHbix 

nOHTH BJIOJKeHHH S P X D q — > D" 1 C TOHHOCTBK) flO Co6cTBeHHOH nOHTH KOHKOpflaHT- 
HOCTH H CBH3HOrO CyMMHpOBaHHH C Co6cTBeHHBIMH nOHTH BJIOJKeHHHMH D P+q — > D" 1 

(cTpyKTypa rpynnBi 3a,a,aeTCH onepanHeii S^-napaMeTpHHecKoii cbsbhoh cyMMbi ot- 
HOCHTejibHO Kpaa). 

3AMEHAHHE 1 . OTHOCHTejibHbift /3-HHBapnaHT HBjiaeTCH OTo6pa:sceHHeM E [S p x 
D q ,S p x S* 9-1 ) — > ^™ g - TeopeMbi 4.1 h 5.1 BMecTe yTBepjKflaiOT, hto sto OTo6pa- 
»ceHHe 6hgkthbho npn m ^ p + |g + 2. 



S'US 1 ^ S 2 S^S 1 ^ S 2 D 1 UD 1 ->■ D 2 S° U S° -> S 1 





^Isip E"(S u xS L ) E'(S° xD\S°xS°) - ^ ( g U ) 



?0 v Oil E^QO „ n l Q v q 0n E^S'^xS ) 



PucynoK 10 



JIemma 5.2. (cpaenu c [22] u [30; TeopeMa 1], cm. pucynoK 10) JJam naMcdozo 
m > 2p + g + 2 cymecmeyem moHHaji nocAedoeameAtHocmb 

E™{S p X S«) Cy ^m (5 p x5g) ^ £"> (5PxiA 5 P X ^-1) 4 S" 1 " 1 ^ X S q -') % 



E-(S p+ <!) 



Jpn-lfgp+q-U 
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5.2. B ocTaBineiicH nacTH §5 mm flOKajKeM jieMMy 5.2. HanHeM c nocTpoemiH 
CTpyKTypti KOMMyTaTiiBHOH rpynnbi Ha MHOJKecTBe 3ay3jieHHbix TopoB (a TaKJKe no- 
hth BjiojKeHHii S p x S q — > S m ). ,H,aHHoe nocTpoemie SKBHBajieHTHO npHBefleHHOMy 
b [28; §2]. 

OriPEflEJiEHHE 10 nAyTHHbl D p+1 . 3acpHKCHpyeM OTMeneHHyio TOHKy * e S q . 
He orpaHHiHBaa o6ihhocth, 6yneM CHHTaTb, hto * x S q PI = 0. IlaymuHa 

iioith BjiojKeHHH / : S p x S ? -> S™ — sto ocHameHHbiii ^hck D p+1 C 5 m , yupBjie- 
TBopaioinHH cjie/ryionn-iM 3 ycjiOBHHM: 

(i) = f{S p x *); 

(ii) IntL>P +1 nlm/ = 0; ii 

(iii) nepBbie q BeKTopHbix nojieii ocHameHHH Kpaa dD p+1 KacaiOTCH o6pa3a f(S p x 
Si). 

IlaymuHu iiohth KOHKopflaHTHOCTH / : S p x S q x I — > 5™ x / h co6cTBenHoro iiohth 
BjiojKeHHH / : S p x — > Z7 m onpeflejiaiOTCH aHajiorHHHO (b KanecTBe OTMeneHHOii 

TOTKH * 6 _D 9 6epeTCH D,eHTp flHCKa). 

Cjieflyromee yTBepayjeHiie SKBHBajienTHO BapiiaHTy jieMMbi o CTaH,u,apTH3anHH 2.1 

H3 [28]. 

IIPEflJTOKEHHE 5.3. [28; jieMMa o CTaH/i,apTii3ainiH 2.1] Ecjiu m > 2p + q + 1, 
mo djisi mo6ozo noumu 6JiocnceHUM f : S p x S q — > S m cyuificmeyem naymuna. 
Ecau m > 2p + q + 2, mo <J/i.» mo6ou nonmu KOHKopdamnocmu Meotcdy noumu 
eJiootcenusiMU /i, : S p x S q —> S m cymecmeyem naymuna, npodojiwcafou^afi 
dannue naymunu noumu ejiowcenuu fx u fa. 

^OKA3ATEJlbCTBO. [28] PaccjioeHne N(/\spx*1 S m ) CTa6HjibHO TpiiBiiajibHO h 
m — p — q p. cjieflOBaTejiBHO, sto paccjioemie TpiiBiiajiBHO . Bo3bMeM (m — p — 
g)-0CHam;eHHe £ SToro paccjioemiH. 

PaccMOTpHM ceneHHe, o6pa30BaHHoe nepBMMii BeKTopaMii ocHameHira £. Tax 
Kax m 2p + q + 2 2p + 2. to bjiojkchhc f\spx* He3ay3jieHO b S m . TaKiiM 
o6pa30M, cymecTByeT BjiojKemie / : D p+l C S m , yapBjieTBopflioinee ycjiOBHio (i) H3 
onpeflejieHHH nayraHM. Tax KaK m ^ 2p + g + 2, to no o6meMy nojioxeHHio mm 
MOJKeM flo6nTbCH TaKJKe BbinojiHeHHH ycjiOBHa (ii). 

Bbi6pacbiBafl nepBbifi BeKTop H3 ocHaineHira £, mm nojiynaeM HeKOTopoe (m— p — 
q — l)-ocHam,eHHe £i Kpaa f(dD p+1 ), opToroHajibHoe /niCKy f{D p+1 ). 06o3HaHHM 
nepe3 r) OHeBii/nroe HopMajibHoe q-ocHameHiie cepepbi f(S p x *) b Tope f(S p x 
S q ). Tor,a,a (£,i,n) 6yn,eT (m — p— l)-ocHam;eHHeM Kpaa f(dD p+1 ), opToroHajibHbiM 
flHCKy f(D p+1 ). TaK KaK p < m — p — q — 1, to OTo6pajKeHHe 7r p (5'O rn _p_ 9 _i) — >• 

7Tp(50 m _ p _l) CIOpTjCKTHBHO. CjieflOBaTCJIbHO, Mbl MOJKeM H3MeHHTb ocHam,eHHe 

£i (h BMecTe c hhm 0CHam,eHHe f ) TaK, hto6h 0CHam,eHHe (£i , 77) npoflOjiJKajiocb 
flo ocHameHHH Bcero flHCKa f(D p+1 ). 5Icho, ^ito nojiyieHHoe ocHam,eHHe 6yfleT 
y^OBjieTBopHTb ycjiOBHio (iii) . 

BTopoe yTBepjKfleHHe npefljio»ceHHH flOKa3biBaeTCH aHajiornnHO, cm. ,n,eTajiH b 
[28; /J,OKa3aTejibCTBO jieMMbi CTaHflapTroaniiH 2.1 b §3]. 

Cjieflyiomee onpe^ejieHHe SKBHBajieHTHO npHBe,n,eHHOMy b [28]. 
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OnPEflEJIEHHE 11 S'P-nAPAMETPHHECKOH CBH3HOH CYMMH. (cm. pilCyHOK 5) 

IlycTb /1J2 : S p xS'-4 S m — napa noHTH BjiojKeHiift. He Tepaa o6dxhocth, mojk- 
ho CHHTaTB, hto Im /1 C -D™\ Im/2 C D™. Bo3bMeM nayTHHM D p+1 C -D+ h 
D p+1 C -D™ 3thx noHTH BjiojKeHHit. CoeflHHHM ueHTpbi nayTHH D p+1 h D p+1 ny- 
T6M / b S m . IIo o6ineMy nojioxceHHio nyTb / nepeceKaeT Im /1 Ulm f 2 U D p+1 U D p+1 
TOjibKO no CBoefl rpaHHire dl. IlycTb D m — o6 r befliiHeHiie He6ojibniHx Tpy6na- 
Tbix OKpecTHOCTeii MHoroo6pa3HH D p+1 , I h D p+1 b S m . 5Icho, hto nepecene- 
Hne (Im/i U Im/2) H D m CTaH^apTHO. CyMMou noHTH BjiojKemiH fi n f 2 mm 
Ha30BGM noHTH BjiojKeHne f\ + f 2 : S p x S q — > S m , nojiyneHHoe c iiomoihbio 
S^-napaMeTpnnecKOH cbh3hoh cjtmmm iiohth BjiojKeHiift /1 n f 2 BHyTpn mapa D m . 

OnPEflEJIEHHE 12 AflflHTHBHO-OBPATHOrO 3JIMEHTA. IlyCTb / : S p X S q — > 

S m — noHTH BjiojKeHHe. 06parriHUM sjieMenmoM fljia / mm Ha3MBaeM iiohth bjio- 
>KeHiie, 3a,u;aHHoe (popMyjioit {—f)(x, y) = o~ m f(x, <r q y), iyje <Jk — ciiMMeTpiiH ccbepbi 
S OTHOCiiTejibHO ranepnjiocKOCTH x\ = 0. 

OnPEflEJIEHHE 13 HEHTPAJIbHOrO 3J1EMEHTA. 06o3HaHHM nepe3 cmaHdapm- 
noe ejioMcenue S q x S p -> D q+1 x D p+1 = D p+q + 2 C D m C S™ 

Cjie/ryioinHH BajKHbiii pe3yjibTaT ,n,OKa3MBaeTCH npHMOii npoBepKoii (cm. /jeTajni 
,n,OKa3aTejibCTBa b [28]). 

Teopema 5.4 o rpynnoBOH CTPYKTyPE. [28] Ilycmb m > 2p + q + 2. To- 
zda npueedennoe euiue nocmpoenue KoppeKmno onpedeARem cmpynmypy KOMMy- 
mamuenou gpynnu na MHootcecmee noumu eJiooKenuu S p xS q —> S m c moHHOcmbw 
do noumu KOHKopdanmHocmu. 

AHajiorii STOii TeopeMbi /tjih co6ctb6hhmx noHTH BjiojKeHiiii h rjia^KHx bjiojkchhh 
Taitace cnpaBe,a;jiiiBbi h ,n;oKa3i>iBaiOTCH aHajioriinno. 

IIPEflJlOKEHHE 5.5. Ilpu m > 2p + q + 2 omHocumejibHuu fi-uneapuaHm f3 : 
E (S p x D q , S p x Si- 1 ) -> Q" 1 . JlBAJiemCM Z0M0M0pg)U3M0M. 

/I,OKA3 ATEJTbCTBO . PaCCMOTpiIM TpOHKy Co6cTBeHHBIX nOHTII BJIOJKCHHH f\, fa 

h /s = /i JlerKO BiifleTb, hto c tohhoctbio flo roMOTonmi /3 = /i V /2 h /3 = 

/i + /2j r fl c '+' o6o3HaHaeT S' ?, -napaMeTpHHecKyio CBH3Hyio cyMMy OTHOCiiTejibHO 
Kpaa. 3HanHT, /3(/ 3 ) = /3(/i)U/3(/ 2 ), h, cjieflOBaTejibHO, f3(f 1 + f 2 ) = /3(/i) +/3(/ 2 )- 

Tenepb mbi co6npaeMca flOKa3aTb, hto fleftcTBiie rpynnbi BjiojKemiH S ,p+9 — s> S™ 
Ha MHOJKecTBe bjiojkchhh S p x S q S m hhtjCkthbho . 

5.3. 06o3HaHeHHH. (a) E m (S p+q ) — rpynna Bcex BjioxceHHii S p+q — > 5 m c 

TOHHOCTBK) flO KOHKOpflaHTHOCTHJ 

(b) E m (S p x S q ) — rpynna Bcex bjiojkghhh S p x S q — s> S m c tohhoctbio ,ho kohkop- 
^aHTHOCTH (cTpyKTypa rpynnti 3a,naeTCH oncpainieii S'P-napaMeTpHHecKoii cbs3hoh 
cyMMbi) . 

(c) k* : E m (S p+q ) — > E m (S p x S q ) — OTo6pa?KeHHe, conocTaBjiaiom,ee bjiojkchhio 
g : S p+q — > S m CBa3Hyio cyMMy stoto bjiojkchhji g h CTaHflapTHOro bjiojkchhh 

S P X S q — » S" 1 . (CBH3HOe CyMMHpOBaHHe npOH3BOflHTCH BflOJIb HeKOToporo nyTH I, 

coeflHHHiomero o6pa3M sthx BjiojKeHHii; npe/i,nojiaraeTCH, hto o6pa3M pa3flejieHM 
rHnepnjiocKOCTbio) . 
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IIPEflJTOKEHHE 5.6. Omo6paatceHue k* : E m (S p+q ) — > E m (S p x S q ) unzeK- 
mueno npu m > 2p + q + 2. 

^aHHoe npefljiojKeHHe HeMefljieimo BjieneT cnynaii "p + q + 1 ^ejiHTca Ha 4" b 
TeopeMe 1.2, corjiacHO Teopeivie 1.1 H3 §1. 

/!OKA3ATEJTbCTBO nPEflJIOKEHHfl 5.6. ^OCTaTOHHO nOCTpOHTb jieBoe o6paT- 

Hoe R* : E m (S p x S q ) -> fljis OTo6pajKeHHH k*. 

OTo6pa»:eHHe R* : E m {S p x S" 2 ) — >• E m (S p+q ) onpe/jejiaeTCH cneflyronniM o6pa- 
30m. Bo3bMeM Bjio>KeHHe / : S p x S q — > S™. CorjiacHO npe/rjiojKeHHio 5.3 y Hero 
ecTb nayTHHa D p+1 . IlpoH3BefleM BjiojKeHHyio xnpyprnio MHoroo6pa3HH S p x S q 
b^ojib ocHameHHoro AHCKa D p+1 . IlycTb R*( f) — H30TonnnecKHn Kjiacc bjiojkchhh 
S p+q — > S m , nojryneHHOro c noMOinbio 3toh xnpyprHH. 

3jieMeHT R*(f) KoppeKTHO onpeflejieH corjiacHO BTopoMy yTBep»cfleHHio npe^jio- 
jkchhh 5.3. Mbi HMeeM R*n* = id, noTOMy hto R*K*(f) = k*(/#s) = f#R*(s) = 
/#0 = / AJih Jno6oro / g E m (S p+q ). 

llPEflJTOKEHHE 5.7. (a) JJaji KdMcdozo m > 2p + q + 2 ece co6cmeeHHue ejio- 
S p x Z3 9 — > _D m co6cmeeHHO KOHKopdanmHU dpyz dpysy. 

(b) [28; KpHTepHft TpHBnajibHOCTn] Z/pu m > 2p + q + 2 ejiootcenue S p x S* 9-1 — >• 
grn-i KOHKO p ( ) aHmHO cmandapmHOMy eJiomceHum, ecjiu u moJiKKO ecAU oho npo- 
doACHcaemcji do co6cmeeHH03o ejiootcenuji S p x D q —> D m . 

/!OKA3ATEJlbCTBO. (a) Bo3bMeM co6cTB6HHoe Bjio>KeHHe / : S p x D q — > D m . 
AHajiorHHHO npe/rjioaceHHio 5.3 mojkho noKa3aTb, hto y Hero ecTb nayTHHa D p+l . 
IlycTb D m — Tpy6iaTaH oxpecTHOCTb nayTHHbi D p+l . 51cho, hto orpanHneHne 
/ : f~ 1 D ,n — > D m KOHKop^aHTHO CTaH^apTHOMy bjiojkchhio S p x D q — > D ,n . 
OcTaeTCH ,n,0Ka3aTb, ^to / KOHKop,n;aHTHO 3TOMy orpaHHHCHHio. IlycTb c : S p x 
D q x I — > D m x I — Heno^BHJKHaH KOHKopflaHTHOCTb, coBnaflaromaH c bjiojkchhcm 
/ : S p x D q -> D m h P h Kax fl on t £ I. nycTb h m : D m x I -> D m x I - 
/n«pcpeoMop(pH3M, HenoflBHJKHbiii Ha D m x h nepeBO,ii;HiHHH D m x 1 b D m x 1. 
IlycTb h p+q : S p x D q x / — > S p x D q x I — flH(p<peoMop(pH3M, HenoflBHSKHbiii Ha S p x 
S q x h nepeBOflHmHii S p x D q x 1 b f~ 1 D m . Tor,n,a KOMno3HHHH h m ch p + q aBjiaeTCH 
co6cTBeHHOii KOHKop^aHTHOCTbio MesKfly / : S p x D q — > D m h orpaHH^eHHeM / : 

f-ljjm £)m^ 

(b) cjie,zryeT HenocpeflCTBeHHO H3 (a). 

AHajior flaHHoro npefljiojKeHHH ^jih co6cTBeHHbix noHTH Bjio>KeHHH TaK»ce cnpa- 
Be/rjiHB, c Toil pa3Hnn;eH. hto fljia SToro map B p+q b onpeflejieHHH co6cTBeHHoro 
noHTH BjiojKeHHH HyjKHO 3aMGHHTb Ha map B p+q C S p x D q , nepeceKaiomHH Kpaii 
no CBoeii rpaHH. (rpanb niapa B p+q — sto map, co/i,ep}Kam;HHca b dB p+q ). 

,Zl0KA3ATEJlbCTB0 JiEMMbl 5.2. (cpaBHH c [30; ^,OKa3aTejibCTBO TeopeMbi 3.1]) 
(1) IIocmpoeHue goMOMopg5u3Moe. IlycTb e — oneBHflHoe OTo6pa?KeHHe. IlycTb p 
- OTo6pa?KeHHe orpaHHneHHH Ha Kpaii. rbMOMop<pH3M h — sto "roMOMop<pH3M 
Bbipe3aHHH", onpeflejiaeMbiii cjieflyiom,HM o6pa30M. Bo3bMeM noHTH Bjio>KeHHe / : 
S p x S q — > 5™. CorjiacHO npefljiojKeHHio 5.3 y Hero ecTb nayTHHa D p+1 C S m . 
IlycTb D m — Tpy6iaTaH oxpecTHOCTb nayTHHbi D p+l . I1ojio>khm h(f) paBHMM 
orpaHHHeHHK. / : (S p X S g - J" 1 Int D m ) -> S m - Int D m . 
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(2) ToHHoemt e HAeue E m (S p x S q )/E m (S p+q ). AHajioriiHHO npefljioxeHHio 5.7 
(b) mojkho noKa3aTb, hto bjiokchhc / : S p x S q —¥ S m npo,n;oji}KaeTca: po co6cTBeH- 
HOTO nOHTH BJI0JK6HHH S p x D q+1 — > D m+1 , ecjiH h tojibko ecjiH / : S p x S q — > S m 
noiTH KOHKopflanTHO CTaHflapTHOMy BjiojKeHHio. 3to 03HaHaeT, hto Haina nocjie- 
flOBaTejibHOCTb TOHHa b HjieHe E m (S p x S q ) / E m (S p+q ) . 

(3) TouHocm-b e HAene E (S p x D q ,S p x S" 9 " 1 ). BKjuoHemie hsxh C kerp 
cjieflyeT H3 npefljiojKeHHJi 5.7 (b). HtoSm ,n,OKa3aTb kerp C Im/i, B03bMeM co6- 
CTBeHHoe noHTH bjtojkghhc / : S p x — >■ _D m , Taxoe hto = 0. HycTb 
/|a : S p x — »■ <9Z3 m — orpaHHHemie OTo6pasKeHHH / Ha Kpaii. IIo onpeflejie- 
hhk), cymecTByeT rjiaflKoe BjiojKeHHe g : 5 lp+<il_1 — > S m , Taxoe hto CBH3Haa cyMMa 
/ \g +g KOHKopflaHTHa CTaH^apTHOMy BjiojKeHHio. IIpoflOJiJKHM g : 5 ,p+9_1 — > S m ~ l 
po co6cTBCHHOro noHTH BjiOJKeHHa g' : D p+q — > D m . IlycTb / + g' — cbh3- 
Haa cyMMa fug' othochtgjibho Kpaa. IIo npefljiojKCHHio 5.7 (b) OTo6pa»ceHHe 
/ + g' : S p x D q — s> D m npo,zi,oji}KaeTCfl po no^TH BjioxceHiia /' : S p x S q — >• S m . 
TaKHM o6pa30M, / = h(f'). 

(4) ToHHocmb e HAene E (S p x S q ). BKjiiOTeHHe Ime C ker/i cjie^yeT H3 
npe/i,jiO}KeHHH 5.7 (a). Hto6i>i ^,OKa3aTb ker/i C Ime, bo3bmcm noHTH BjicnKemic 
/ : S p x S q S m , Taxoe hto h(f) = 0. Tor,a,a cymecTByeT co6cTBeHHaa no- 

HTH KOHKOpflaHTHOCTb C MejK/jy H CBS3HOH CyMMOH CTaH^apTHOrO BJIOJKCHHH 

S P X _D 9 — !> _D" 1 C HCKOTOpblM C06cTBeHHbIM IIOHTH BJIOJKCHHeM g : D p+q D m . 

Tax KaK orpaHH^ieHHe iiohth KOHKop^aHTHOCTH c Ha Kpaii hbjihctch rjia/n-coii koh- 
KopflaHTHOCTbHD, to no npe^jiojKeHiiio 5.6 orpaniiHCHiie noHTii bjiojkchhh g Ha Kpaii 
He3ay3jieHHO. 3HaHHT, mojkho CHHTaTb, hto g — rjia^Koe BjiojKeHHe. IIo Teope- 
Me o npoflOjiJKeHHH KOHKop^aHTHOCTH orpaHHneHiie KOHKop^aHTHOCTH c Ha Kpaii 
npoflOjBKaeTca po o6 r beMjieMoii KOHKop^aHTHOCTH mapa S m — D m . TeM caMbiM c 
MOJKeT 6biTb npoflOjBKeHa po noHTH KOHKop^aHTHOCTH noHTH BjiojKeHHH / 6e3 po- 
6aBjieHHH hobhx caMonepeceneHHii. IIocjieflHaH noHTH KOHKop,n,aHTHOCTb aBjiHeTca 

nOHTH KOHKOpflaHTHOCTbK) MejKfly nOHTH BJIOJKeHHeM / H HeKOTOpbIM BJIOJKeHHeM 

/' : S p x S q -> S m . Cjie fl OBa T ejibHO, / = e(f'). 
,H,0Ka3aTejibCTB0 TeopeMbi 2.1 3aBepnieHO. 

§ 6. KpHTepHH KOHeiHOCTH 

B flaHHOM pa3^ejie mm bmboahm TeopeMy 1.2 H3 TeopeMbi 2.1. JXpR 3Toro HaM no- 
Tpe6yeTca KjiaccHepHKaniiH no^TH BjiojKeHHii S p x S q — > S m . CyMMHpyeM /jaHHyio 
KjiaccHcpHKan,Hio h nojiy^eHHbie Bbiine pe3yjibTaTbi b cjie^yiomeii TeopeMe. 

6.1. 06o3HaHeHHH. E rn ( K D p x S q ) o6o3HaHaeT rpynny rjia^KHx Bjio>KeHHii D p x 
S q — > S m c TOHHOCTbio ,0,0 KOHKopflaHTHOCTH (cTpyKTypa rpynnbi 3aflaeTCH onepa- 
n;Heii ZJP-napaMeTpHHecKoii CBa3Hoii cyMMbi). 

TEOPEMA 6.1. IIpu m > p+ 1 9 + 2 u m > 2p + q + 2 cympcmeymm CAedyiouiALe 
mOHHUe nocAedoeameAbHocmu 

(1) -> E m (S p+q ) 

(2) W'^iS'p x s q+1 ) -> 

(3) E m+1 {D p x S 1 ^ 1 ) it v+q {S rn - q - 1 ) 

(4) -> 7T g (y m _ 9:P ) 



^ m (D p x S" 9 ) E m (S q ). 
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IIocjieflOBaTejibHOCTH (1) h (2) hbjihiotch hobbimh. LIocjie/ipBaTejibHOCTb (3) 
6bijia H3BGCTHR paHee [28; jieMMa 06 orpaHnneHHH 5.2]. IiocjieflOBaTejiBHOCTb (4) 
ctpohtch aHajiorHHHO [9; cjie^CTBHe 5.9]. 

Tpynnbi bo btopom CT0Ji6ne TeopeMbi 6.1 ii3BecTHbi pauucmaAt>no: 

TEOPEMA 6.2. nycmt p + |g + 2 ^ m < p+^q + 2, m > 2p + q + 2 um> n + 2. 
Tozda 

(1) E m (S n ) 6ecKoneuHa, ecjiu u moAtKo ecjiu m $C |n + § u n + 1 de/iumcsi na 4. 

(2) W^q+i 6ecKOHeuna, ecAu u mojitKo ecjiu m — p + ^q+ ^ u q + 1 dejiuracn na 4. 

(3) TT p+q (S m ~ q ~ 1 ) 6ecKOHeuna, ecAu u moAbKO ecAu m = \p + |g + | u p + q + 1 
deAumcH na 4. 

(4) ^q{V m -q,p) 6ecKOHeHHa, ecAu u moAbKo ecAu p 1, |g+|^rn^p+|(j+^ 
u q + 1 deAumcsi na 4. 

IIjiaH Haniiix flajiBHeHinnx paccyjKfleHHH TaKOB. CHanajia Mbi floicajKeM Teo- 
peMy 1.2, ciHTaa TeopeMbi 6.1 h 6.2 ^OKa3aHHbiMH. IIotom mm /ipKajKeM caMH 
TeopeMbi 6.1 h 6.2, oniipaacb Ha HeKOTopbie n3BecTHBie pe3yjibTaTbi. 

,H,OKA3ATEJIbCTBO TEOPEMBI 1.2, HCXO^fl H3 TEOPEM 6.1 H 6.2. (1) CAyuau, 

Kozda q + l,p + q + 1 ne deAJimcji na 4. HanoMHiiM, ^ito ecjiii X — > Y — > Z - 
TOHHaa nocjieflOBaTejibHOCTb c KOHenHbiMH rpynnaMH X h Z, to rpynna Y TaioKe 
KOHe^ina. LTpiiMeHiiM sto Ha6jiio r ii;eHHe 4 pa3a k nocjieflHHM 3 CT0ji6naM Ta6jinnbi 
b TeopeMe 6.1, HaHimaa CHH3y. Mm nojrynaeM Tpe6yeMbin pe3yjibTaT, TaK KaK no 
TeopeMe 6.2 rpynnbi bo btopom CTOji6ii,e TeopeMbi 6.1 KOHenHbi, xorfla q+ l,p + q + 1 
He ^ejisiTCH Ha 4. 

(2) CAyuau, Kozda p + q + 1 deAumcti na 4. ITo TeopeMe 6.1 (1) h 6.2 (1) Heno- 
cpeflCTBeHHO nojrynaeM, hto rpynna E m (S p x S q ) b stom cnynae 6ecK0He T iHa. 

(3) CAyuau, nozda q + 1 deAumcsi na A, m ^ §<?+§• IIo TeopeMe 6.2 (1) rpynna 
E m (S q ) b stom ory^ae 6ecK0HeHHa. Bo3bMeM ee sjieMeHT x GecKOHe^iHoro nopH,n,- 
Ka. IIpcnHTCTBHe k cymecTBOBaHHio (p + l)-ocHamcHHH BjiojKeHHH x : S q — >• S m 
jiejKHT b rpynne Kq-i{V m - qtP +i). IIo TeopeMe 6.2 (4) 3Ta rpynna KOHenHa b HaineM 
cjiynae. 3HannT, pjin HeKOToporo nejioro nojiojKHTejibHoro HHCJia N BjiojKeHne Nx 
npoflOjcKaeTCH pp rjiaflKoro BjiojKeHHH H : S p x S q — > S m . TaK xax orpaHn^ie- 
Hne 3Toro BjiojKeHHa Ha ccpepy * x S q HMeeT 6ecK0HeHHBiH nopHflOK, to h caMO 
BjiojKeHne H HMeeT 6ecKOHenHbiit nopaflOK. 

(4) CAyuau, Kozda q + 1 deAumcfi na 4, §9 + § < rn ^ p + |g + \, p 1. 
^[ocTaTOHHO nocTpoHTb BjiojKeHne T : S p x S q — > S m , HMeiom;ee 6ecK0HeHHbiH 
nopaflOK b rpynne E m (S p x S q ). 

IIocmpoeHue eAootcenuji T. Flo TeopeMe 6.2 (4) rpynna Tr q (V m - q ^ p ) b stom 
cjiynae GecKOHcrHa. Bo3bMeM sjieMeHT x 6ecKOHe ii iHoro nopaflxa b stoh rpynne. 
PaccMOTpHM OTo6pajKeHHe r : Tr q (V m - q , p ) — > E m (D p x S q ) H3 TeopeMbi 6.1 (4). 
3to OTo6pa»ceHHe nepeBOflHT sjicmcht x b KaHOHnnecKoe p-ocHam,eHHe D p x S q —> 
S m CTaHflapTHOii ccpepbi S q C S m . IIojiHoe npenHTCTBne k npoflOjiJKeHHio 3Toro 
p-ocHani;eHHH ,no (p + l)-ocHam,eHHH jie>KHT b rpynne Tt q -\(S m ~ p ~ q ~ 1 ). nocjie,zi,- 
hhh rpynna KOHenHa b HanieM cjiynae. SHa^iHT, pjin HeKOToporo n,ejioro nojiojKH- 
TejibHoro HHCjia TV sjieMeHT Ntx npoflOjiJKaeTCH pp ncKOMoro rjiaflxoro BjiojKeHHH 
T : S p x S q ^ S m . 
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JJoKa3ameAbcrri6o mozo, umo eAootcenue T uMeem 6ecK0HeuHuu nopndoK. Jlp- 
CTaTO^HO flOKa3aTi>, hto sjieMeHT t(x) E E m (D p x S q ), KOTopbift smjisieicsi orpa- 
HHHeniieM BjiojKeHHa T Ha D p x S q , HMeeT 6ecKOHenHbift nopa^OK. Ilpemiojio- 
jkhm npoTHBHOC. Tor,n,a Nt(x) = pflsi HeKOToporo hcjioto nojiojKHTejibHoro 
HHCjia N. 3HanHT, no TeopeMe 6.1 (4) Nx npHHa/rjiejKHT o6pa3y OTo6pa»ceHHH 
E m+1 {S q+1 ) -> ir q (V m -q, P )- Ho rpynna E rn+1 (S q+1 ) b H anie M cjiynae KOHe^ma. 
flaHHoe npoTHBopenne noKa3bmaeT, hto T HMeeT SecKOHenHbift nopHflOK. 

(5) Cjiyuau, noeda q + 1 deAumcM na 4, m = p + ^q + I. 

IlocmpoeHue ejiootcenun W . IIo TeopeMe 6.2 (2) rpynna 0™^]^ b stom cjiy- 
nae GecKOHema. Bo3bMeM b Heft ajieMeHT x 6ecKone x iHoro nopaflKa. IlycTb W : 
S p x S q — ?> 5 m — BjioxeHHe, peajin3yioin;ee o6pa3 a; npn OTo6pa:sceHHH fiJJ^+x — > 
E m (S p x S q )/E-{S p+q ) ns TeopeMbi 6.1 (2). 

/(oKaaameAbcmeo mozo, umo W UMeem 6ecKoneHHUu nopsidoK. PaccMOTpnM 
TOHHyro nocjieflOBaTejibHOCTb TeopeMbi 6.1 (2). CoraacHO TeopeMe 6.1 (2) ^ocTa- 
tohho flOKa3aTb, hto E m+ (S p x S q+1 ) KOHema b HanieM cjiynae. Tax KaK q + 1 
/jejiHTCH Ha 4, to no TeopeMe 6.2 rpynnbi ir q+ i(V rn ~ q ,p) h E m+l (S q+1 ) KOHennbi. 
KaK noKa3biBaeT Hecnoanroe BbinncjieHne, it v+q+ i(S m ~ q ~ r ) TaioKe KonenHa b Ha- 
nieM cjiynae. IIo TeopeMe 6.1 (3)-(4) nojiynaeM, hto £ m+1 (5 p x S q+1 ) KOHenHa. 

B ocTaBHieftca nacTH SToro pa3,nejia mm ,n,OKajKeM TeopeMbi 6.1 h 6.2. 

YTBepjKfleHHa (1) h (2) TeopeMbi 6.1 hbjihiotch nepecpopMynnpoBKaMH npefljio- 
jkchhh 5.6 n TeopeMbi 2.1, KOTopbie 6bijin ,noKa3aHbi b §5. TeopeMa 6.1 (4) ^OKa3bi- 
BaeTCH HenocpeflCTBeHHO, aHajiornnHO [9; cjieflCTBne 5.9]. fljm yno6cTBa HHTaTejia 
mm npnBOflHM Ha6pocoK flOKa3aTejibCTBa misce. TeopeMa 6.1 (3) flOKa3aHa paHee b 
[28; jieMMa 06 orpaHPnemm 5.2] npn p 1, to > 2p+q-\-2 n to ^ ^p+^q+2. ^onoji- 
HHTejibHoe orpaHHHenne to ^ \p + %q + 2 b flOKa3aTejibCTBe SToro yTBep:sc,zi,eHHH b 
[28] He Hcnojib3yeTCH. Mm npHBOflHM Ha6pocoK ajibTepnaTHBHoro ,n,OKa3aTejibCTBa 
fljia ya,o6cTBa HHTaTejia. 

^OKASATEJlbCTBO yTBEPJKflEHHfl (3) B TEOPEME 6.1 (HABPOCOK). (a) Onpe- 

dejienue zpynn E m (S p x S q ) u E m (S p x D q , S p x S q - r ). OTo6pa>KeHHe / : S p xS q -)• 
S m , Ha30BeM cjia6uM nonmu eAOotcenueM, ecjin oho HBjisieTCH BjiojKeHHeM BHe cpHK- 
cnpoBaHHoro niapa B p+q C S p x S q . (TeM caMbiM MHOxecTBO fB p+q n f(S p x S q — 
B p+q ) MO»ceT 6biTb HenycTbiM). Cna6an noumu KOHKopdaHmHocmt onpeflejiaeTCH 
aHajiorHHHO. 06o3HanHM E m (S p x S q ) rpynny cjia6bix nonTH BjiojKeHHft c tohho- 
CTbio ^,0 cjia6oft nonTH KOHKopflaHTHOCTH. OTOJKflecTBHM rpynnbi E m (S p x S q ) h 
E m (D p x S q ) (hcho, nTO 3th rpynnbi H30MopcpHbi npn to > 2p + q + 2). 

3acpHKCHpyeM map B p+q a S p x D q , nepeceKaioni,Hft Kpaft no CBoeft rpaHn Tax, 
hto B p+q n (* x D q ) = 0. Co6cTBeHHoe OTo6pa»ceHHe / : S p x D q — > D m Ha30- 
BeM cAa6uM co6cmeeHHUM nonmu sAootcenueM, ecjin BbinojiHenbi cjieflyioni,He ,n,Ba 
ycjiOBna: 

(i) / sBjiaeTca BjiosceHneM BHe inapa B p+q ; h 

(ii) f(S p x a/? 9 n B p+q ) n /(5P x dD q - B p+q ) = 0. 

Cfia6a,H co6cmeeHHaR nonmu KOHKopdaHmnocmb onpeflejiaeTCH aHajiorHHHO. 06o- 
3HanHM nepe3 E m (S p x D q ,S p x rpynny cjia6bix co6cTBeHHbix nonTH bjio- 

JKeHHH C TOHHOCTbK) flO CJiaGoft C06cTBeHH0H nOHTH KOHKOp,H,aHTHOCTH. 
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(b) IIpu KaotcdoM m > 2p + q + 2 cymecmeywm monnaji nocJiedoeameA'bHocm'b: 

E rn {S p xS q ) A E m (S p xS g ) ^ E m (S p xD q ,S p xS q - 1 ) ^E m ~\s p xS q - 1 ) 

3^;eci> e, h vl p — oneBHflHO onpeflejifleMBie roMOMopcpH3MBi 3a6BiBaHHH, BBipe3aHHH 
h orpaHinemifl, cooTBeTCTBeHHO. ^anHoe yTBepjKfleHiie ,a,0Ka3BiBaeTca nojiHOCTbio 
aHajiorHHHO jieMMe 5.2. 

(c) OnpedeAenue gOMOMop$U3Ma A : E m (S p xD q ,S p xS q - 1 ) ->• TTp+^^S" 1 -^ 1 ). 
Bo3bMeM cjia6oe co6cTBeHHoe iiohtii BjiojKenHe / : S p x D q — > D m . Ho onpeflejie- 
hhio nojiy^aeM fdB p+q nf(* x D q ) = 0. 3aMe T HM, hto D m -f(* x D q ) ~ S"™-^ 1 . 
IIojiojkhm A(/) paBHbiM roMOTonn^iecKOMy Kjiaccy orpaHH^ieHHH / : dB p+q — > 
D m - /(* x £>«). 

(d) A uHneKmueno . Bo3bMeM cna6oe co6cTBeHHoe noHTH BjiosceHHe f : S p x 
D q — > D m , TaKoe hto A(/) = 0. Toiyja / Iggp+i npoflOjracaeTca pp OTo6pa>KeHHa 
g : B p+q — > D m , He nepeceKaiomero /(* x D q ). TaK KaK / \spxDi-Sp+i ~~ Bjioxce- 
Hne, to nepeceqeime gB p+q c f(S p x D q — B p+q ) MOxteT 6bitb ycTpaHeHO c noMOiHBio 
noflxoflamefi roMOToniiii othochtcjibho Kpaa. Sna^iHT, mbi mojkbm c^HTaTB, hto g He 
nepecexaeT f(S p x D q — B p+q ). npoH3Be,neM cjia6yio co6cTBeHHyio noHTH kohkop- 
,n;aHTHOCTb, 3aMCHSK>Hryio / \g P + q Ha g. AHajiorHHHO npefljiojKCHHio 5.7 (a) momo 
noKa3aTb, ^to nojiyneHHoe OTo6pa>KeHHe cjia6o co6ctbchho noHTH KOHKopjiaHTHO 
CTaH^apTHOMy Bjio»ceHHio S p x D q — > D m . 

(e) A cmpzeKmueHo. Bo3bMeM sjicmcht x G ir p+q -i{S m ~ q ~ 1 ). Bo3bMeM CTaH- 
,i;apTHoe bjiojkchhc / : S p x D q — > D m . PeajiH3yeM ajieMeHT x OTo6pa»ceHHeM 
g : 5 P+<?_1 — > dD m — /(* x D q ). TaK KaK / |sp x .D<!-Bp+<i ~~ bjiojkchhc, to nepece- 
neHHe gB p+q c f(S p x D q — B p+q ) MoaceT 6bitb ycTpaHeHO c noMom,Bio noflxoflHincft 
roMOTonnn othochtcjibho Kpaa. TaKHM o6pa30M, mbi MOJKeM CHHTaTb, ^TTO g He ne- 
peceKaeT f(S p x D q — B p+q ). npojrojiscHM OTo6pa>KeHHe g : S^ 9-1 — > dD m pp 
co6cTBeHHoro OTo6pajKeHHH g' : D p+q — > D m . IlycTb fi x — CBH3Haa cyMMa (ot- 
hochtcjibho Kpaa) OTo6pa»ceHHH g' h /. 5Icho, hto A(/Lt x ) = x. 3to 3aKaHHHBaeT 
,n;oKa3aTejiBCTBO yTBcpjKflCHHa (3). 

^OKA3ATEJIbCTBO yTBEP^flEHHfl (4) B TEOPEME 6.1 (HABPOCOK). (a) Onpe- 

dejienue 30MOMopg3u3Moe. OTo6pa*;eHHe i* : E m {D p x S q ) ~> E m (S q ) HH/ryinipo- 
BaHO orpaHHHCHHeM (3,necB npoH3BefleHHe x S q OTO>K^,ecTBjieHO c S q ohcbhahbim 
cnoco6oM). 

OTo6pa»:eHHe Ob : E m (S q ) — > n g -i(V m -q >p ) — sto nojiHoe npenaTCTBHe k cy- 
ni,ecTBOBaHHio p-ocHanj,eHHH BjiojKeHHH S q —> S m . HanoMHHM onpejo,ejieHHe 3Toro 
npensTCTBHH. Bo3bmcm BjiojKeHHe / : S q — > S m . Bo3BMeM (eflHHCTBeHHoe c toh- 
hoctbio flp roMOTonHn) p-ocHameHHe flncxa fD q _. Bo3bmcm (eflHHCTBeHHoe c toh- 
hoctbk) pp roMOTonnn) (m — (7)-ocHameHHe flHCKa fD q + . Tor^,a cepepa f S q ~ l 6yp,er 
CHa6>KeHa KaK p-ocHam;eHHeM, TaK h (to — (7)-ocHaiHeHHeM. Otojk^cctbhm KajK^Bift 
cjioii orpaHH'ieHHH HopMajiBHoro paccjioeHHH k fS q Ha cepepy fS q ~ l c npocTpan- 
ctbom M m_9 , nojiB3yacB ^aHHBiM (to — <7)-ocHameHHeM. TeM caMBiM p-ocHam;eHHe 
onpeflejiHT HeKOTopoe OTo6pajKCHHe S^ 1 — > V m ~q,p- roMOTonHHecKHii Kjiacc SToro 
OTo6pa>KeHHH h 6yn,eT hckombim npenHTCTBHeM Ob(f). 

OTo6pa*:eHHe r : ^q{V m —q P ) — > E m (D p x S q ) onpeflejiaeTCH cjie,i],yiOH],HM o6pa- 
30M. PeajiH3yeM / £ ^q{V m —q, P ) KaK rjia^Koe OTo6pajKeHHe / : D p x5'-> D m ~ q , 
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jiHHciiHoe Ha KajK^OM cjioe D p x *. Onpe^ejiHM r(/) KaK komho3hhhio D p xS ? 4 
jym-q x gq gm BJI0 }KeHHa; / x pr 2 h CTaHflapTHoro bjiojkghhh s. 

(b) TouHocm'b e uAenax E m (D p x S q ) u E m (S q ) npoBepaeTCH Henocpe^CTBeHHO. 

(c) ToHHOcmb e uAene Tr q (V m ^ qiP ). IlycTb / : S q+1 — > S m+1 — BjioxceHHe. Tbr,zi,a 
/ H30TOIIHHO cmaHdapmu3oeaHHOMy bjiojkchhio /' : S q+1 S m , to ecTb TaKOMy 

BJIOJKCHHIO, ITO 

• /' : D^ 1 — > aBjiiieTca orpaHH^ieHneM CTaH^apTHoro BjiojKeHHH — > 

• f{D q+1 ) + C D™ +1 . 

Bo3bMeM p-ocHam,eHHe flHCKa f'(D q+1 ). 5Icho, hto hto BjiojKeHHe rObf : D p x 
S q — > S' m npoflOji»caeTCH flo BjiojKeHHa D p xD q+1 — > D m+1 , saflaHHorop-ocHainemieM. 
IIosTOMy rObf h30toiiho CTaH/japTHOiviy BjiojKeHHio D p xS'-> S m . TaKHM o6pa- 
30m, Imr C kerO&. AHajiornnHO, Imr D kerO&. 

TeopeMa 6.2 jierKO cbo^htcs k h3bccthbim pe3yjn>TaTaM. YTBepjKfleHne (1) ,n,o- 
Ka3aHO b [9; cjie,a,CTBHe 6.7]. yTBep:»c,n,eHHe (3) cjie/ryeT H3 TeopeMbi Ceppa. 

^OKASATEJlbCTBO YTBEP>KflEHHfl (4) B TEOPEME 6.2. H3 npeflnOJIOJKeHHH 

to > 2p + q + 2 11 to < p + |g + 2 cjie,nyeT, hto to ^ 2g. ^OKajKeM Tpe6yeMoe 
yTBepjKfleHne, b kotopom ^aHHaa napa orpaHH^eHHii 3aMeHeHa Ha e^HHCTBeHHoe 
orpaHHHeHHe to ^ 2q, HH/ryKnneH no p. 

(a) CAyuau, Kozda q + 1 ne deAumcM na 4- TaK KaK m ^ 2q, to rpynna 
TTq(V m - qt i) = ir q {S m ~ q ~ l ) KOHGHHa. nojib3yflct> tohhoh roMOTonnnecKOH nooie- 
,n,OBaTejH>HOCTbio paccjioeHHH "orpamneHHa" S m -p-<i _)> V m —q lP Vm-q,p-i, tch- 
3opHO flOMHOJKeHHOii Ha Q, mh nojiynaeM no HHflyKniin, hto rpynna TT q (V m - q ^ p ) 
KOHenHa. 

(b) CAyuau, Kozda q + 1 deAumcM na 4 u eunoAHeno odno U3 deyx ycAoeuii: 
to < §9+ § uau to > p+ |g + ^. B 3tom cjiynae rpynnti ■K q (S m ~ q ~ % ) no-npoKHeMy 
KOHenHbi ,h,jih KasKfloro z = 1,2, ... ,p. AHajiornmo npe,zi,i>i,zryineMy mm nojrynaeM, 
hto rpynna ir q (V m - q ^ p ) KOHenHa. 

(c) CAyuau, noeda q + 1 deAumcsi na 4 u lg + | ^TO^p+|(7 + i. Bo3bMeM 
TaKoe hhcjio i, hto m = i + |g+i. PaccMOTpnM yKa3aHHyio Bbiine TO^Hyio tomo- 
Tonn'recKyio nocjieflOBaTejiBHOCTb npn p = i. AHajiorHHHO npeflbiflymeMy mojkho 
n0Ka3aTb, hto ecjin q + 1 flejnrrcfl Ha 4 h to ^ 2g, to rpynna Tr q +i(V m - q .i-i) ko- 
HenHa. TaKHM o6pa30M, rpynna Tr q (V m - q .i) 6ecKOHeHHa. Ilo vmpyxumi nojiynaeM, 
hto rpynna Tr q (V m ^ q ^ p ) TaKJKe 6ecKoneHHa. 

,Z],OKA3ATEJTbCTBO YTBEP>KflEHHfl (2) B TEOPEME 6.2. ByfleM HCnOJIB30BaTb 

o6o3HaneHHH s = 2p+3q—2m+2 n I = m—p—q—1. Tor^a paccMaTpnBaeMaa rpynna 
6yn,eT H30Mop(pHa 7r s+ ; + i(y^/+;,A/)- Hanie orpaHnneHne p+ 1<? + 2 ^ m < p+ 1(? + 2 

SKBHBajieHTHO OrpaHHHGHHIO — 1 ^ s ^ / — 3. 

(a) CAyuau s = —1. CorjiacHO Ta6jinu;aMH b [23] rpynna tti{Vm+i,m) 6ecK0HenHa, 
ecjin h tojibko ecjin I flejiHTCH Ha 2. BiviecTe c ycjiOBneM s — — 1 sto SKBHBajieHTHO 
ycjiOBHSM TO=p+|g+|, q + 1 ,a,e.jiHTCH Ha 4. 

(b) CAyuauO ^ s ^ 3. ^OKaxeM raflyxuHeii no s, hto rpynna 7r s +i+i (Vm+;,m) 
KOHenna. Ba3a s — cjie^yeT H3 Ta6jinu, b [23] . ITpn s > paccMOTpHM TOHHyio ro- 
MOTonnnecKyio nocjie/i,OBaTejibHOCTb paccjioeHHH "orpaHHHeHHH" S l — > Vm+i.m — > 
Vm+1,m—\i TeH3opHO flOMHOJKeHHyio Ha Q. B stoh nocjieflOBaTejitHOCTH 7r s+ ; +1 (S' i ) 
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KOHenna, noTOMy hto ^ s ^ Z — 3. CorjiacHO npejxnojiojKeHHio HHjjyKniin, rpyn- 
na w s+ i + i(V m +i,m-i) — it(,-i)+(!+i)+i(Vm+i+i,m) KOHeHHa. Cjie,n,OBaTejibHO, h 
rpynna tt s +i+i{Vm+lm) KonenHa. 

3amemahhe 2 . AHajioriiHHO mojkho flOKa3aTb cjiejxyioinee yTBepjKfleHHe: npe,a,- 
nojiojKHM, hto to ^ p + |<7 + 2; Torjxa rpynna 7r g (y m _ giP+ i) 6ecKOHeHHa, ecjin h 
tojibko ecjiH jih6o to = 2q + 1, g HeneTHO, jih6o m = p + 2g + 1, g hctho. 

,H,0Ka3aTejibCTB0 TeopeMbi 1.2 3aBepineHO. 

§ 7. 3aKJiK)HHTejii>Hbie 3aMeiaHHH 

IIpHBefleM npHMep, noKa3biBaroHntfi, hto TeopeMa 2.1 h jieMMa 4.2 o flonojineHHH 
He MoryT 6biTb jj,OKa3aHbi c noMOinbio CTaHjiapTHoro TpiOKa Yhthh hjih nojxxofla 
CTaTbii [12]. 

IIphmep 3. HaftflyTCH Taxne p, q h to, yupBjieTBopjHOinne HepaBeHCTBaM H3 
ycjiOBHH TeopeMbi 2.1, h Taxoe co6cTBeHHoe nonTH Bjio:sceHHe / : S p x Z? 9 — > £) m , 
hto /?(/) = 0, ho y / H6T nayTHH. B nacTHOCTH, H30MopcpH3M H3 jieMMbi 4.2 o 
jjpnojmeHHH He BbinojiHeH npn /' = /. 

/^OKA3ATEJibCTBO. ilojiojKHM TO = p+ |g+|, h Bbi6epeM p, q Tax, hto hhcjio 
I — to — p — q — 1 HeneTHO. Bo3bMeM co6cTBemioe nonTH BjiojKemie / : S p xD q — > D m 
o6mero nojiojKCHHa, Taxoe hto MHoroo6pa3He A cbh3ho h MHoroo6pa3He A HecBSB- 
ho (HanpHMep, HanHeM co CTaHjiapTHoro BjiojKeHHH h c,n,ejiaeM najibneBoe jjBHJKeHHC 
Yhthh). Hanie ,i];0Ka3aTejibCTB0 jicmmm 4.2 o jjpnojraeHHH b §4 (paKTHnecKH noKa- 
3biBaeT, hto nq(D m — ImF, d) = f2 s (A; IXa)- IIocjie/rHflH rpynna H30Mop<pHa Z npn 
s = 0kI HeneTHOM [7; kohcti; §4]. C flpyroit CToponbi, flo(P°°;l\) — Z%. 3HaHHT, 
OTo6pa»ceHHe /?(/, •) : Z —> 7Li He hhtjCkthbho. 

3HanHT, cym,ecTByeT co6cTBeHHoe OTo6pajKeHHe g : D q — > D m — Im/, Taxoe 
hto 0{f,g) — 0, ho g ne (co6cTBeHHo) roMOTonHO nocTOHHHOMy OTo6pa»ceHHio. 
BbinojiHHM nocTpoeHne niaroB (2) h (3) jj,OKa3aTejibCTBa TeopeMbi 5.1 H3 §5. Mm 
nojiynHM HOBoe co6cTBeHHoe no^TH BjiojKeHHe /, Taxoe hto no-npejKHeMy /3(f) = 0. 
C flpyroft CToponbi, OTo6pa>KeHHe g : D q — > D m — Im / 6jih3ko k / |* X £><! , ho He 
roMOTonHO nocToaHHOMy OTo6pa»ceHHio. 3HaHHT, y / HeT nayTHHbi. 

7.1. OTKpbiTbie Bonpocbi. EcTb HecKOjibKO HanpaBjieHHH fljia flajibHeftmero 
Hsy^ieHHH 3ay3jieHHbix topob: 

(i) flenue KJiaccuqDUKav 1 uoHue pe3yAt>mamu. CiawibKO bjiojkchhh S 1 x S 5 — > S 10 
cym,ecTByeT c tohhoctbio ,n,o h30tohhh? 

(ii) OcAa6Aenue pa3MepHocmHux ozpaHuuenuu. Mojkho jih OT6pocHTb orpaHnne- 
hhji m > 2p + q + 2 hjih TO>p+|g + 2B TeopeMe 1.2? (cpaBHH c [15, 9]) 

(iii) npou3eoAtiHue Mnozoo6pa3usi. Bmjio 6bi HHTepecHO o6o6iniiTb /3-HHBapnaHT h 
TeopeMy 2.1 Ha BjiojKeHHa npon3BOjibHbix MHoroo6pa3Hii [24, 28]. 

(iv) Pat^uonaAtHasi KAaccuqiuKai^usi eAowcenuu. J^Jisi flamioro MHoroo6pa3HH N h 

HHCJia TO OnpeflejIHTb, SBJIHeTCS JIH MHOJKeCTBO BJIOJKeHHII N — > S" 1 C TOHHOCTblO 
^1,0 H30TOnHH KOHenHblM. 
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7.2. BjiarcyjapHOCTH. Abtopbi SjiaroflapHbi A. B. CKoneHKOBy 3a nocTOHHHoe 
BHHMaHHe k flaHHOH pa6oTe, a TaKJKe II. M. AxMeTbeBy, Y. Kafeepy, Y. KoinopKe, 
R JIaypecy, C. A. MejinxoBy, A. C. MnineHKO, B. M. HeamHCKOMy h E. B. HJenHHy 
3a nojie3Hbie o6cy>KfleHHa. 

§ A. IIpHJiojKeHHe. XnpyprHH MHoroo6pa3HH abohhhx ToieK 

B flaraoM pa3flejie npoH3BO,n;HTca xiipypraa MHoroo6pa3HH flBoitabix ToneK A, 
/jejiaiomafl KJiaccH(J)HriHpyK)in,ee OTo6pa5KeHHC A — > P°° ,n,ocTaTOHHO bbicoko cbh3- 
HbiM. 3to Heo6xo,n,HMO pjin flOKa3aTejibCTBa jieMMbi 4.2 o /jonojmeHHH, ccpopMynn- 
poBaHHOft b §4. Hanie H3jiojK6Hiie nojraocTbio aHajiornnHO [7; npHjiojKenHe A], ho 
npoH3BO/i,HTCH b 6ojibnieH o6hxhocth h 6ojiee no,irpo6HO. 

IlycTb / : D n — > M m co6cTBeHHoe norpyaceHHe o6iHero no jiojkghiih , Taxoe hto 
f\dD n ■ dD n — > dM m — BjiojKeHne. TeopeMa BjiojKenHa [14], cpaBHH c Teope- 
moh 4.3 Bbiine, no3BOjiaeT ycTpamrrb caMonepeceneHiiH norpy»ceHHH / c noMonxbio 
roMOTonHH reldD n npn HeKOTopbix ycnoBiiax. B flnana30He pa3MepHOCTeft, r^e 
TeopeMa BjiojKeHHH ne BepHa, mm npe^jiaraeM no,n;xofl k "ynpomeHHio" flBofiHbix 
ToneK norpyjKCHHa /. 

U,ejib pa3flejia coctoht b tom, hto6m noxasaTb, hto KjiaccHcpHKannpyioiHee oto6- 

pajKBHHe A —¥ P°° HaKpblTHH A — ^ A MOJKHO CflejiaTb (s + l)-CBS3HbIM C nOMOHXbK) 

roMOTonHH rel dD n norpyaceHHH / : D n — > M m npn cjie/ryioiHHX ycjiOBHHx: 

(i) M m HBJiaeTCH (s + l)-CBH3HbIM; 

(ii) 2s ^ In — m — 2; h 

(iii) O^s^m — n — 3. 

B 3tom coctoht yTBepjK^eHHe TeopeMbi 4.7 o xiipyprini. 

^OKA3ATEJIbCTBO TEOPEMH 4.7 O XHPyPttlH. IIpeBpaiHeHHe OTo6pa>KeHHa 

A — > P°° b (s + l)-CBH3Hoe npoHCxo^HT b 2 STana: 

Dlar 1. IIpeBpaiHeHHe MHoroo6pa3HH A b CBa3Hoe h OTo6pa:aceHHfl 7Ti(A) — » 

7ri(P°°) — B CK>p r beKTHBHOe (HHblMH CJIOBaMH, MH0TO06pa3HH A — B CBH3HOe). 

Ular 2. y6iiBaHiie sjicmchtob flflpa ker(7Ti(A) — > ^(P 00 )) pjisi KajK^oro i = 1, . . . , s. 

3th mm inara floCTaTOHHbi p/in ,a,OKa3aTejibCTBa TeopeMbi, noTOMy hto OTo6pa- 
jKeHne 7Tj+i(A) — > 7ri + i(P°°) = ciopijeKTHBHO fljia KajKfloro 1 ^ i ^ s. 

B KajKflOM H3 inaroB 1 h 2 mm npoH3BOflHM cjieflyionniH TpiOK YnTHH-XecpjiHrepa, 
npoH3BOflanj,HH xnpyprHio MHOroo6pa3iia A. CHanajia nocTpoHM cmaHdapmHyw 
ModeAt Xa6ezzepa-Kau.3epa fljia xnpyprHH ocHameHHOii i-MepHOii ccpepbi, jiexa- 
meit b flBoiiHbix Tonex n-MepHoro flHCKa, norpy»ceHHoro b S m . 

1.1. CTaHflapTHaa MO,a,ejib flJiH XHpypram. [7] Byn,eM Hcnojib30BaTb "mo- 
AejibHoe" MHoroo6pa3ne R m = R x W +1 x M 2 n-m- 4 x B m- n -i x R m-n-i H flBa 
BjiojKeHHH, g + h 3_, npocTpancTBa K™ = W +1 x R 2 ™-™-* x R"-™- 1 B R m , ne- 
peceKaiomHecH TpaHCBepcajibHO no x S' 1 x r 2 "-™-* x x 0. HanpnMep, mkkho 
B3»Tb g_(x,y,z) — (\x\ 2 — l,x,y,0, z) n g + (x,y,z) = (1 — \x\ 2 , x, y, z, 0). Ccpepa 
S l orpaHHHHBaeT map D l+1 C R 4+1 C 1". ^,ajiee, ccpepa S l+1 = D l + X U r fl e 
D 1 ^ 1 = g±(D l+1 x x 0), orpaHHHHBaeT map D l+2 C K x R l+1 C R m c yraaMH 
B^,ojib S 1 . ^BHJKeHHe oflHoii H3 flByx manoneK D l ± 2 nepe3 D l+2 npoH3BO,i],HT Hy»c- 
Hyio HaM xnpyprHio. Bojiee tohho, ,a,BOHHbie tohkh nojiynaiom,eHca: peryjiapHoft 
roMOTonHH o6pa3yiOT cjie^ HyjKHOH xnpyprHH. 
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Tenepb c^ejiaeivi HeKOToptie npiiroTOBjieHHH k BbinojmeHHio xnpyprnn, KOTopbie 
HeMHoro OTjinnaiOTca b Illarax 1 n 2. 

1.2. Illar 1: npeBpameHHe MHoroo6pa3HH A h A b CBH3HBie. Ecjih 
A = 0, to mm CHanajia co3jiaeM HenycToe caMonepeceneHne (HanpnMep, c no- 
M0in;bio najibneBoro ^bhjkchhh Yhthh). FlycTb A / I. Bo3bMeM napy tohck 
(a, b),(c, d), npHHajjjiejKainnx pa3HtiM KOMnoHeHTaM MHoroo6pa3na A. Mojkho 

CHHTaTB, HTO OHH paCnOJIOJKeHbl BH6 MHOJKGCTBa TpOHHblX TOneK. PaCCMOTpilM 

cdpepbi S° = {{a,b}, {c, d}}, Si = {(a, b), (c, d)}, h 5° = {(6, a), (d, c)}. nycib 77 - 
TpHBHajiH3an,na HopMajibHoropaccjioeHHa N(S°, A). XnpyprHH no ccpepe S" (cm. 
3aBepineHHe jjpKasaTejibCTBa HH»ce) coe,zniHHT paajnimrbie KOMnoHeHTbi MHorooS- 
pa3na A, noTOMy hto dim A = 2n — to ^ 2s + 2 ^ 2. 

1.3. Illar 2: y6HBaioie ajieivieHTOB ker(7Ti(A) — > TTi(P°°)). IlycTb OTo6pa- 
>KeHHe g : S l — > A npeflCTaBjiaeT sjieMem smpa ker(7Ti(A) — > ^(P 00 ), r^e 1 ^ i < s. 
Tax KaK 2z ^ dim A — 1 (noTOMy hto 2s ^ 2n — to — 2), to g mojkho cnHTaTb bjio- 
»ceHHeM. IIo o6ineMy nojio:steHHio mhojkcctbo tpohhmx ToneK HMeeT pa3MepHOCTb 
^ 3n — 2m. TaK k&k s < to — n — 3, to i + 3n— 2m ^ dim A — 1, TaK hto b o6meM 
nojiojKeHHH Im g He coflepjKHT Tpoimbix tohck. 

TaK KaK K0Mno3HHHH S l — > A — > P°° TpHBHajibHa, to paccjioeHHe (m — u)Xa | s i 
TpiiBiiajiBHO . Siia^iHT, paccjioeHHe 77 = N^S 1 , A) CTa6HjibHO TpiiBiiajibHO , h CTajio 
6biTb, TpiiBiiajibHO . TaK KaK ccpeonji S l — > P°° TpuBnajieH, to cepepa S z TpnBnajib- 
ho HaKptiBaeTca b A. 06o3HanHM h S l _ ppe koiihh S'bA. 

1.4. 3aBepineHHe ,n,OKa3aTejiBCTBa: xnpyprHH no ccpepe S l . CHanajia 
3aKjieiiM ccpepbi h S z _ HenepeceKaionniMHCH AHCKaMH D 1 ^ 1 h D 1 ^ 1 b mape D n . 
fljisi SToro B03BMeM HeKOTopyio TpHBHajiH3annio paccjioeHHH N(A,D n ) (Hanpn- 
Mep, nocTpoenHyio b onpejj,ejieHHH (to — n)A-MHoroo6pa3ira jxBoifflbix tohck b §3). 
CflBHHeM ccpepbi 11 S l _ b^ojib nepBoro BeKTopHoro nojia stoh TpHBHajiH3aniiH. 
TaK KaK s ^ m — n — 3 h 2s < 2n — m — 1, to 2s < 2n — m — 1. CjieflOBaTejibHO, 
i + 1 + dim A^n-lH2(i + l)^n-l. 3HaHHT, no coo6pajKCHHHM o6m;ero no- 
jiojKeHHH c,u;BHHyTbie cdpepbi mojkho 3aKjienTb bjiojkghhbimh flHCKaMi b mape fD n , 
He nepeceKaiomHMH o6pa3 iA. 

PaccMOTpHM oneBHflHoe pa3Ji0JKeHHe N(D z + 1 ,D n ) 

N(S l , A). 9to pa3jiojKeHne 3a^aeT (m — n — l)-ocHam,eHHe cepepti S\_. Mbi co6npa- 
eMca npoflOjcKHTb sto (m — n— l)-ocHam;eHHe Ha /hick D 1 ^ 1 . ITojiHoe npenaTCTBHe k 
npoflOJKKeHHio jiejKHT b rpynne TTi(V n ^i-i, rn - n -i). IIocjieflHHH rpynna TpHBnajibHa 
npn ycjiOBHH 2i ^ 2n — m— 1, KOTopoe cjie^yeT H3 2s ^ 2n — m — 2. TaKHM o6pa30M, 
Mbi nojiynaeM pa3jio?KeHHe N(D t ^ 1 , D n ) = rj + e m_n_1 , r,a;e rj + — npoflOjiJKeHne 
paccjioeHHa r\ Ha /hick , flonojiHHTejibHoe k HameMy (m — n — l)-ocHam,eHHio. 
OnpeflejiHM paccjioeHHe r/- aHajiorHHHO. 

Tenept npoflOjBKHM BjiosKeHne ccpepbi S l+1 = D 1 ^ 1 U D 1 ^ 1 b S m pp bjiojkchhh 
flHCKa D l+2 b S m . fl,nn 3Toro c^bhhcm nojiyccpepbi D l + h Z)!j~ B^ojib nepBoro 
BeKTopHoro nojia HeKOTopoii TpHBHajiH3annH paccjioeHHH N(D n ,S m ). B HTore 
nojiynHM BjiojKeHHe bopothhkoboh OKpecTHOCTH ccpepbi S' l+1 b S m . TaK KaK n + 
s + 3 ^rrins + 2 + m-1 h2(} + 2) ^ m-1. IIosTOMy no o6ineMy 

nojiojKeHHio BopoTHHKOBaa OKpecTHOCTb npoflOjBKaeTCH jj,o BjiojKeHHoro flHCKa D t+2 
b S m , BHyTpeHHOCTb KOToporo He nepeceKaeT fD n . 



KJIACCHOHKAIIH5I BJIO>KEHHH TOPOB 



27 



HaKOHeii, paccMOTpiiM cjie/ryiornee (m — n — l)-ocHameHHe ccnepbi S l+1 . Ha 
^HCKe D 1 ^ 1 B03bMeM (to — n — l)-ocHameHHe, flonojiHHTejibHoe k rj + . Ha /niCKe 
D'^ 1 B03bMeM (to — n — l)-ocHameHHe, nojiy^eHHoe H3 TpiiBHajiH3an,ini paccjioeHHH 
N(D n , S m ) OT6pacbiBaHHeM nepBoro BGKTopHoro nojra. no nocTpoemno sth .zrsa 
ocnameHHa coBna^aiOT Ha S l . TeM caMbiM (to — n — l)-ocHaiiieHHe ccnepbi S t+1 
nocTpoeHO. npo^ojcKHM ero Ha D' +2 . nojiHoe npenHTCTBne k STOMy jicjkht b 
rpynne 7Ti+i {V m -i-2,m-n-i)- 3Ta rpynna TpHBnajibHa npn ycjiOBHH 2i + 2 ^ n — 
1, KOTopoe cjie^yeT H3 3s ^ n — 4. nycTb 7/ — flonojiHHTejibHoe paccjioeHne k 
nojiyneHHOMy (to — n — l)-ocHameHHio Ancxa D' +2 . Mbi HMeeM pa3JK»KeHHe 77' = 
•q^ ©e m ~™ _1 Ha flHCKe . npo^ojiJKaa ero Ha ahck D l+2 , nojiynaeM pa3JK»KeHHe 
N(D i+2 ,S m ) = J]" © e™-™- 1 © e "»-n-i AJIH HeK OToporo paccjioemia r/'. 

TaKHM o6pa30M, Hanie norpysceHne b OKpecTHOCTH ^HCKa D l+2 ycTpoeHO TaK 
»ce, KaK b CTaHflapTHoft MOflejin (to ecTb, nepeBOflHTca b CTan/iapTHyio MO,n,ejib 

nO/TXOflHHIHM flH(p(peOMOp(pH3MOM) . Mbi MO>KCM npOH3BeCTH onHcaHHyio xHpyprHio 

h y6nTb cepepoHfl g : S l — > A. TeopeMa ,n,OKa3aHa. 
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CLASSIFICATION OF KNOTTED TORI 
IN THE 2-METASTABLE DIMENSION 



M. Cencelj, D. Repovs and M. Skopenkov 



Abstract. This paper is on the classical Knotting Problem: for a given manifold 
N and a number m describe the set of isotopy classes of embeddings N — ¥ S m . 
We study the specific case of knotted tori, i. c. the embeddings S p X S q — > S m . 
The classification of knotted tori up to isotopy in the metastable dimension range 
m > p + ^q + 2, p < q, was given by A. Haefliger, E. Zeeman and A. Skopenkov. We 
consider the dimensions below the metastable range, and give an explicit criterion 
for the finiteness of this set of isotopy classes in the 2-metastable dimension: 

Theorem. Assume that p+^<j + 2<m<p+§g + 2 and m > 2p + q + 2. Then 
the set of isotopy classes of smooth embeddings S p X S q — > S m is infinite if and only 
if either g + lorp + q + lis divisible by 4. 

Our approach to the classification is based on an analogue of the U. Koschorke 
exact sequence from the theory of link maps. This sequence involves a new 0- 
invariant of knotted tori. The exactness is proved using embedded surgery and 
the N. Habegger-U. Kaiser techniques of studying the complement. 



1. Introduction 

This paper is on the classical Knotting Problem: for a given manifold N and 
a number m describe the set of isotopy classes of embeddings N — > S m . For a 
recent survey see [ReSk99, Sko07L]. This subject was actively studied in the sixties 
[Hud63, Hae66C] and there has been a renewed interest for it in the last years 
[CeRe03, CRS04, CrSk08, Sko09]. 

This problem generalizes the subject of classical knot theory. In contrast with 
the classical situation of simple closed curves in 3-dimensional space, a complete 
answer can sometimes be obtained in higher dimensions. We work in the smooth 
category except when explicitly indicated otherwise. 

Knots. The classification of knots S q — > S m in codimension at least 3 (i.e. for 
m > q + 2) is reduced to a homotopy problem [Hac66A,Lc65]. In particular, a 
complete rational classification is known: 
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Theorem 1.1. [Hae66A, Cor. 6.7] Assume that q + 2 < m < §q + 2. Then up to 
isotopy the set of smooth embeddings S q — > S m is infinite if and only if q + 1 is 
divisible by 4. 

Links. The classification of links S p U S g — > S m is the next natural problem 
after knots. In codimcnsion at least 3 there is an exact sequence involving the set 
of links up to isotopy and certain homotopy groups [Hac66C] . In some dimension 
range, called 2-metastable, there is an explicit description of the isotopy classes of 
links S p US q ^ S m modulo knots S p S m and S q -> S m in terms of homotopy 
groups of spheres and Stiefel manifolds ([Hae66A], a short proof is given in [Sko09]). 




Figure 1 



Knotted tori. In this paper we study the classification of knotted tori, i.e. 
smooth embeddings S p x S q — > S m . This theory generalizes the theory of 2- 
componcnt links of the same dimension (Figure 1). The investigation of knotted tori 
is a natural next step (after link theory) towards the classification of embeddings of 
arbitrary manifolds [Sko07F, Web67], by the handle decomposition theorem. This 
subject is also interesting because of many interesting examples [Hud63, MiRe71, 
Sko02]. 

There exists an explicit description of the set of isotopy classes of knotted tori 
in the metastable dimension m>p+^q + 2, p<q [Hae62T, Sko02] (up to small 
indeterminacy for m < |p + |g + 2; see Figure 2). This dimension restriction is 
a natural limit for classical classification methods for a (p — l)-connected (p + q)- 
manifold. Little is known below the metastable dimension: all known explicit 
classification results concern knots, links (see above), knotted tori in dimension 
m = p+ §<?+ § [Sko08], 3-manifolds in R 6 [Sko08Z] and 4-manifolds in R 7 [CrSk08], 
in spite of many interesting approaches [Br68, GW99, Wa70]. 

Now let us state the main practical result of the paper (announced in [CRS07]). 
We give an explicit criterion for finiteness of the knotted tori set in the 2-metastable 
range (see the dashed domain in Figure 2, in which the number p is fixed, whereas 
the numbers q and m vary): 

Theorem 1.2. Assume that p+^q + 2<m<p+^q + 2 and m > 2p + q + 2. 

Then the set of isotopy classes of smooth embeddings S p x S g — > S m is infinite if 
and only if either q + 1 or p + q + 1 is divisible by 4. 

Example. The set of knotted tori S 1 x S 5 — > S 10 up to isotopy is finite. All the 
dimensions in range p = 1, 1 < q < 13, m > p + |g + 2, such that the set of 
isotopy classes knotted tori is infinite, are shown in Figure 3. Information in the 
figure is obtained from Theorem 1.2, [Sko07L, Th. 3.10 and 2.9], Proposition 5.6 
and Remark 6.3 below. 

Our approach is based on an analogue of the Koschorke exact sequence (Theo- 
rem 2.1 below), involving a new /3-invariant of almost embeddings S p x S g — > S m . 
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The exactness is proved using the Habegger-Kaiser techniques of studying the com- 
plement of an almost embedding. 

Organization of the paper. In §2 we state our main theoretical result (The- 
orem 2.1). In §3 we define the (3 '-invariant. In §4, which is the main part of the 
paper, we prove the completeness of the /3-invariant. In §5 we prove Theorem 2.1, 
using the result of §4. In §6 we deduce Theorem 1.2 from Theorem 2.1. In §7 
we state some open problems. In Appendix we discuss the embedded surgery on 
self-intersection sets which is used in §4. 

In a subsequent publication [SkolO] we are going to generalize Theorem 1.2 for 
arbitrary m > 2p + q + 2 by reducing the classification of knotted tori to the 
classification of links. 




Figure 2 Figure 3 



2. The main idea 

In this section we state our main theoretical result. We present an analogue 
of the Koschorke exact sequence, which reduces the classification of embeddings 
S p x S q — > S m to an easier classification of all almost embeddings S p x S q — > S m . 

Isotopy and concordance. (Milnor) An embedding / : X x I — > S m x I is a 
concordance if X x = f~ 1 (S m x 0) and X x 1 = f~ 1 (S m x 1). A concordance is 
an isotopy if f(X x t) C S m x t for each t £ I. A concordance or isotopy is ambient 
if X = S m . We tacitly use the well-known facts that in codimension at least 3 
existence of concordance implies existence of an isotopy and any concordance or 
isotopy extends to an ambient one [Hud69]. 

Almost embeddings. (Hirsch) Informally, an almost embedding is a map ad- 
mitting only 'local' self- intersections (see Figure 4). To give a formal definition, 
fix a base point * S S p and a codimension ball B p+q C S p x S q such that 
B p+q n (* x S q ) = 0, see Figure lb). A map / : S p x S q -> S m is an almost 
embedding, if the following two conditions hold: 

(i) / is an embedding outside B p+q ; and 
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(ii) fB p+q n f(S p x S q - BP+i) = 0. 

An almost concordance is denned analogously, except that the ball B p+q is replaced 
by B p+q x /. 




Almost NOT almost 

embedding embedding 

/ : 5° x S 1 -> S 2 S^xS 1 ^S 2 



Figure 4 




Figure 5 Figure 6 



Commutative group structure. (A. Skopenkov) The S^-parametric con- 
nected sum operation gives a natural commutative group structure on the set of 
embeddings S p x S q — > S m up to concordance (see Figure 5). This structure is 
well-defined for m > 2p + q + 2 [Sko08]. We shall give the formal definition in §5. 

Action of knots on knotted tori. For m > p + q + 2 the set of embeddings 
gp+g _^ 5"" U p t concordance is a group with respect to the connected sum 
operation [Hae66A]. The same operation gives an action of this group on the set 
of embeddings S p x S q — > S m up to concordance. In §5 we shall prove that this 
action is injective for m > 2p + q + 2. Notice that the set of orbits of the action is 
in a one-to-one correspondence with the set of embeddings S p x S q — > S m up to 
concordance smooth outside a finite set (Figure 6). 

Notation: 

(a) E m (S p x S q )/E m {S p+q ) denotes the group of all embeddings S p x S q -> S m 
up to concordance and connected sums with embeddings S p+q — > S m . 
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(b) E (S p x S q ) denotes the group of all almost embeddings S p x S q — > S m up to 
almost concordance (with the S^-parametric connected sum group structure). 

(c) := 7T p+ 2g_ m+ i(yiv+m-p- 9 -i,iv), where V id is the Stiefel manifold of j- 
frames at the origin of W and N is a large number. Equivalently, f2™ is the 
normal bordism group Q,2 P +3q-2m+2(P °°, (m — p — q — 1)A). Many of the groups 
0™ 9 are known [Kos88L, Pae56]. 

Let us state the main "theoretical" result of the paper. 

Theorem 2.1. For every m > p+ §<? + 2 and m > 2p + q + 2 there exists an exact 
sequence 

E m (S p x S q )/E rn (S p+q ) -> E m (5 p x S 9 ) A 0™ 9 -> 

-> E m ~ 1 (S p x 5" ? - 1 )/S m - 1 (5 p+ ^ 1 ) -> 'E m ~ 1 {S p x S^ 1 ) ->• . . . 

This theorem provides estimates of the order or the rank of the group E m (S p x 
S q )/E rn {S p+q ) given such estimates for the group if"^ x S q ). Theorem 2.1 also 
easily implies the Haefliger formula for the group of links S q U S q — > S m in the 
2-metastable range [Hae66C]. A short proof of this classical result (together with 
Theorem 2.1 for p — 0) is given in [Sko09]. Theorem 2.1 for p — is analogous 
to the Koschorke exact sequence: compare Theorems 3.1 and 3.5 in [Sko09], and 
Theorem 3.1 in [Kos90]. 

The beta-invariant. The map /3 : E~ m (S p x S q ) -> in Theorem 2.1 is a 
new invariant and it is the main tool of this paper. It generalizes both 

(a) the normal bordism /3-invariant of link maps [ HaKa98, Kos88, Ki90]; and 

(b) the /3-invariant of knotted tori [Sko07F, Sko08, cf. also Hae66C, Hud63]. 

The key idea of this invariant is the following. For any almost embedding / : 
S p x S q -> S m we have fB p+q n /(* x S q ) = 0. The /3-invariant measures the 
linking of /(* x S q ) and (a certain retract of) fB p+q . 

The main idea of the paper is that from this point of view the study of almost 
embeddings S p x S q ^ S m is similar to the study of link maps S q U S p+q -> S m . 
So we can apply the full advantage of the Habegger-Kaiser technique from link map 
theory to our problem. Now let us concentrate on what is done in addition to the 
technique of [HaKa98]. 

Sketch of the proof of Theorem 2.1. Let us outline the verification of 
exactness at the term E (S p x S q ). We need to prove that any almost embedding 
/ : S p x S q — > S m such that /3(/) = is almost concordant to an embedding. 

It suffices to construct a ball B m C S m such that f^B™ = B p+q . Indeed, 
the knot / : dB p+q — > dB m is trivial by smoothing theory. Thus one can replace 
fB p+q by an embedded disc in B m , and obtain the desired embedding. 

Further, it suffices to span the meridians /(* x S q ) and f(S p x *) by two discs 
D q+1 and D p+1 (which we shall call webs) whose interiors do not intersect each 
other and the image f(S p x S q ). Then the required ball B m is the complement of 
an appropriate tubular neighborhood of D q+1 U D p+1 in S m . 

The existence of the web D p+l is granted by general position and the inequality 
m > 2p + q + 2. Let us construct the web D q+1 . This is the most difficult step, 
which requires the conditions (3(f) = and m > p + |g + 2. By the argument of 
[HaKa98] we may assume that / |* x s« is null- nomotopic outside fB p+q . So we can 
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span /(* x 5 5 ) by a (not necessarily embedded) disc D q+1 in S m - fB p+q . Then 
we can remove the self-intersection of the disc using the embedding theorem. 

This completes the proof in case when the interior of D q+1 does not intersect 
also f(S p x S q — B v+q ). The case when these manifolds do intersect, as well as the 
exactness at the remaining terms E m {S p xS 1 ')/ E m (S p+q ) and f2™ ? of our sequence, 
is proved by an appropriate relative version of this argument (see §4) . 



3. The beta-invariant 

In this section we shall give a detailed construction of the /3-invariant of almost 
embeddings S p x S q ^ S m . 

Idea of the /3-invariant. The visualization of this idea is based on an analogy 
of low-dimensional almost embeddings f U g : S 1 U S° — > S 2 . 

Fix an arc B 1 C S 1 . A map / U g : S 1 U S a — > S 2 is an almost embedding if it is 
an embedding outside B 1 and fB 1 n (/(S 1 - B 1 ) U g,S°) = 0. An almost isotopy 
ft U gt : S 1 U S° — > S 2 is a homotopy in the class of almost embeddings. 

A simple almost isotopy invariant of an almost embedding / U g : S 1 U S° — > S 2 
is the linking number lk(/, g) which assumes its values in Z2 . This invariant is 
incomplete: e.g., the almost embedding in Figure 7 is not almost isotopic to the 
"unlink" but lk(/,g) = 0. 




Figure 7 



In the situation of Figure 7 the (3-invariant, constructed as follows, is useful. 
Take a double point A of the map / : S 1 — > S 2 . Gcnerically ,/ _1 A consists of 
two points. Join these two points by an arc Ca C S . The image /Ca is a cycle, 
and the number /3(f,g) — ^ A lk(/C , A,S') (mod 2), where the summation is over 
all double points of /, is an almost isotopy invariant. It is well-defined only if 
lk(/, g) = 0. For example, in Figure 7 f3(f,g) = 1 which proves that the shown 
almost embedding is indeed not almost isotopic to an "unlink". 

Construction. To realize this idea in higher dimensions we construct: 

(i) an analogue of the cycle /Ca , see the definition of the cycle / below; and 

(ii) a generalization of the linking number lk(/CA,/(* x S q )), see the definition 
of /?(/) below. 

Definition of the double point data. [Kos88L] Throughout let / : S p x S q -> 

S m be an almost embedding. Make / a general position immersion by an almost 
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isotopy. Consider the diagram 

A — - — > B p+q 

2 4 4 

A — ^— >• S rn 

Here A = Cl{ (x, y) £ BP +q x BP +q \x^y, fx = fy } and A = A/Z 2 are the double 
point manifolds. The immersions i : A — > B p+q and i : A — > 5 m are given by the 
formulas i(x,y) = x and i{x,y} — fx. Denote by £(/) = Imi the singular set of 
the map /. 

Definition of the cycle / : T(A A ) -> S m . [HaKa98] Denote by T(A A ) the map- 
ping cone of the double covering A — >• A. Take a map i : CA — > B extending the 
map i : A — > B. Define / : T"(Aa) — > S m to be the quotient map of the composition 
fi : CA -> S m . 

Now let us define the generalized linking number. This is the announced step (ii) 
of the construction of the invariant. Extend / |*xs<j to a general position immersion 
/ : D q+1 — > S m (web). Informally, the desired 'linking number' is the bordism class 
of the 'intersection' Im/ n Im/ with a natural 'skew framing'. It assumes values 
in the normal bordism group Q™ q generalizing the group of framed links. 

The construction of all framings below is obvious, so the reader may ignore steps 
(3) and (2) in all the definitions below. In fact these steps are not used in the paper 
except in the proof of Proposition 4.4 essentially borrowed from [HaKa98]. 

Definition of the normal bordism group n s (P°°, IX) [Kos88L]. An IX-manifold 
is the triple consisting of 

(1) a manifold M ('link'); 

(2) a line bundle Xm on M; and 

(3) an isomorphism g : v(M) = IXm '■= Am ® • • • © Am ('skew framing'), where 
v(M) is the stable normal bundle of M. 1 

The normal bordism group D, S (P°° ,IX) is the set of s-dimcnsional ZA-manifolds up 
to bordism (with analogous bundle structure). The disjoint union commutative 
group structure is evidently defined on this set. 

Hereafter denote by s = 2p + 3q — 2m + 2, I = m — p — q — 1 and n = p + q. By 
[Kos88L] we have Q S (P°° ,IX) = 7Tj+ s (Vjv+j,Ar) = for large integer N. Denote 
by N(X, Y) the normal bundle of X in Y and by e the trivial line bundle. 

Definition of the double point (m — n)A-manifold. [Kos88L] The double point 
data gives rise to the double point (m — n)X-manifold (A, Aa, <?), where: 

(1) A is the double point manifold; 

(2) Aa is the line bundle associated with the covering A — > A; and 

(3) g : N(A, S m ) ^ (m - n)A A © e m ~ n is constructed as follows. 
For each point {x, y} £ A we have 

N(A, S m ) {x , y} = N(A, B) (XtV) © N(A, B) M - N(B, S m )y © N(B, S m ) x . 

Let the vectors {e*}^!l^ n form a trivialization of N(B,S m ) at the point x £ B. 
Then the vectors {e^,e^} form a 'skew framing' of the manifold A. Interchanging 
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of the points x and y in a pair (x, y) G A implies interchanging of the vectors e x 
and e\. Thus the bundle N(A,S m ) can be decomposed into the sum of all line 
bundles (e k x + e k ) = e and (e\ — ej) = Aa for k = 1, . . . , m — n. This decomposition 
defines the required isomorphism g : iV(A, 5 m ) = (m - tj)Aa © e m_n . 

Notice that the bundle Aa can be identified with a subset of the mapping cone 
T(Aa) of the covering A — > A. Denote the restriction of the cycle / : T'(Aa) — > S"™ 
to the subset still by / : Aa — > S m . 

Definition of the beta-invariant /3(f). (1) The manifold (3 — /?(/). Put 
f3 = {(x,y)GD q+1 x\ A : fx = fy}. 

(2) The line bundle Xp on the manifold j3. Denote by pr : ft — > A the obvious 
composition f3 -» D q+1 x A A -> x A = A. Put A^ = pr*(A A ). 

(3) The stable isomorphism g : v(f3) = ZA^. Restrict the stable isomorphism g : 
u(A) = (I + 1)Aa given by the definition of the double point (m — n)A-manifold, 
step (3), to the bundle <e x x — e x y >-*-. We get an isomorphism z^(Aa) — ^Aa ® e' +1 - 
Identify ^(Aa) and v(D q+1 x Aa)- Restricting the previous isomorphism to the 
manifold (3 we get an isomorphism g\ : v(D q+1 x Aa) \p = l\p ® e l+1 . Take 
a trivialization of the normal bundle N(D q+1 , S m ). The trivialization gives an 
isomorphism g 2 : v(fi) = v(D q+l x Aa) \p © e ™-9-i. p ut g=( gi ® id) o g 2 . 

Proposition 3.1. There is a well-defined map E (S p x S q ) -»• 

formula f \-t /3(f). 

Proof. We need to check the following: 

(1) The class of [3(f) does not depend on the choices in the construction. Indeed, 
we made the following four choices. In the definition of the cycle / we took an 
extension i : CA — > D p+q . In the definition of the double point (m — n)A-manifold, 
step (3), we took a trivialization of the bundle N(D p+q , S m ). In the definition of 
/3(f), step (1), we took an extension / : D q+1 — > S m . And in step (3) of the same 
definition we took a trivialization of N(D q+1 , S m ). Clearly, these extensions and 
trivializations are unique up to homotopy, hence the class of /3(f) is well-defined. 

(2) If fi and f 2 are almost concordant, then f3(f\) — f3(f 2 )- Indeed, let / : S p x 
S q x I — > S m x I be a general position almost concordance between f\ and f 2 . One 
can construct analogously as above the /3-invariant (3(f) of this almost concordance. 
Then it is a bordism between j3(f x ) and j3(f 2 ). Thus (3(fi) = f3(f 2 ). □ 

Now we give a relative version of the above construction (see Figure 8). 

Definition of a proper almost embedding S p x D q — > D m . Fix a codimension 
ball B p+q C S p x Int£>« such that B p+q n (* x D«) = 0. A proper map / : 
S p x _D 9 -4- Z) m is said to be a proper almost embedding if the following conditions 
hold: 

(i) / is an embedding outside B p+q ; and 

(ii) fB p+q n f(S p x D q - B p+q ) = 0. 

A proper almost concordance is defined analogously, except that the ball B p+q is 
replaced by B p+q x /. The standard embedding S p x D q — > £> m is the composition 
S p x D q C D p+1 x D q = D p+q+1 C D m . 
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Figure 8 



Definition of a proper almost embedding D p+q — > D m . A proper almost 
embedding D p+q — > D m is a proper map whose restriction to the boundary is an 
embedding. 

Definition of the web /. Fix the standard equatorial decomposition dD q+l = 
^dD\=dD q =dDi D q _. A web of a proper almost embedding / : S p x D q — > D rn 
is a map / : D q+1 — > D m satisfying the following two conditions: 

(i) / d\ = f \*xD" ; and 

(ii) fD q _ C dD m . 

Definition of the relative beta-invariants /3(f) and (3(f,g). The definition of 
the (relative) /3-invariant /3(f) of a proper almost embedding / : S p x D q — > D m 
is completely analogous to the definition of the invariant /?(/) above, except that 
the map / |* XiS „ is replaced by / |* xD9 . 

Given a proper map g : D q — > D m missing the image f(S p x D q ), define the 
/3-invariant /3(f,g) analogously to /3(f), only replace the map / \* x d« by the map 
9- 

An obvious observation is: 

Proposition 3.2. The map g \-> /3(/, g) induces a homomorphism of groups ir q (D m - 
Im/, dD m — Im/) — > . Moreover, if a proper map g : D q — >• D m is sufficiently 
close to f |* X _D'! , then f3(f,g) = /3(f ). 

4. Completeness of the beta-invariant 

In this section we prove the completeness of the j3- invariant: 

Theorem 4.1. Assume that m > p + |g + 2. Then any proper almost embedding 
f : S p x D q — > D m such that /3(f) = is properly almost concordant to a connected 
sum of the standard embedding S p x D q — > D m and a proper almost embedding 
D p+q D m . 

First let us state our central lemma which describes the homotopy groups of the 
complement of a proper almost embedding (cf. [HaKa98, Corollary 4.4]): 

Complement Lemma 4.2. Assume thatm > p+^q + 2. Then any proper almost 
embedding f : S p x D q — > D m is properly almost concordant to a general position 
proper almost embedding f':S p xD q ^ D m such that 



Tr q (D m -lmf',dD m - Im/') = 
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This isomorphism is given by the formula g n> /?(/', g) ■ 

In particular, if (3(f) — then any proper map g : D q — > D m — Im/' sufficiently 
close to /' |* X £»« is properly null-homotopic (outside Im/'). This remark follows 
from Proposition 3.2 above and forms the basis of the following argument. 

Proof of 4-1 modulo Lemma 4-2. The proof consists of 3 steps: 

(1) Construction of a web, whose interior misses Im/. Take a proper almost 
embedding / : S p x D q -> D m . Let f':S p xD q ^ D m be a proper almost embed- 
ding (properly almost concordant to /) such that the isomorphism of Lemma 4.2 
holds. 

Without loss of generality assume that /' is a general position immersion such 
that f'(S p x D q ) is orthogonal to dD m . Since the restriction of the normal bundle 
N(f'(S p x D q ),D m ) to the disc /'(* x D q ) is trivial, there exists a unit vector 
field on /'(* x D q ) orthogonal to f'(S p x D q ). Attach a collar neighborhood to 
/'(* x D q ) along this vector field. One boundary component of this collar forms a 
proper map g : D q — > D rn — Im/'. 

By Lemma 4.2 (and the paragraph after its statement) the map g : D q — > 
jjm _ j m ji - 1S p r0 p er iy null-homotopic. Hence one can attach a disc (possibly with 
self-intersections, missing Im/' and with boundary in ImgUdD" 1 ) to the boundary 
component of the collar. The union of the disc and the collar is the image of the 
desired web / : D q+1 -+ D m . 

(2) Removing self-intersection of the web. By [Ha67, Theorem 2.1] there exists 
a piecewise smooth homeomorphism h : D m — > D m such that f' PL := hf and 
Ipl '■= hf are piecewise linear. Denote by M m the complement of a regular 
neighborhood of Im/^ L in D m . Then the pair (M m ,dM m n dD m ) is sufficiently 
highly connected (see Proposition 4.6 below). The following theorem allows to 
remove the self-intersection of the web: 

Embedding Theorem moving a part of the boundary 4.3. Let (M m , M m_1 ) 
be a pair of piecewise linear manifolds such that M m_1 C dM m . Suppose this pair 
is (2q-m+3)-connectedandm> q+A. Let f PL : (D q+1 , D q _) -> (M m ,M m ~ Y ) be a 
piecewise linear map which embeds D\_ into dM m — IntM™^ 1 . Then Jpl is homo- 
topic relD^ to a piecewise linear embedding fEmb ■ (D q+1 , D q _) — > (M m ,M m_1 ). 

This theorem is proved completely analogously to [Hud69, Theorem 9.2.1]. By 
smoothing theory it follows that the piecewise linear embedding h~ 1 fEmb is prop- 
erly homotopic relD^ to a web /' : D q+1 — > D m which is a smooth embedding. 

(3) Decomposition of f into a connected sum. Let B m be the complement in 
D m of the union of tubular neighborhoods of f'(S p x D" - Int B p+q ) and f'D q+1 . 
Then B m is a smooth ball such that (f')- 1 B m = B p+q . Denote the restriction 
/' : B p+q ->■ B m by g' : B p+q -> B rn . It is easy to see that /' is properly almost 
concordant to a connected sum (relatively the boundary) of g' : B p+q — > B m and 
an embedding S p x D q — >• D rn . The latter is properly ambient concordant to he 
standard one (by easy Proposition 5.7(a) below). Thus Theorem 4.1 follows. □ 

The rest of §4 is devoted to the proof of Lemma 4.2. Our argument is parallel 
to [HaKa98, §§3-4]. 

Notation: Hereafter identify the disc D m with the upper half-sphere of S m and 
fix the decomposition S m = D m U CS m -\ Denote by {X, Y} the set of stable 
homotopy classes of maps X — > Y. 
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Example. {(D q ; S^ 1 ) , {D m - Im /, d)} ^ {S q , S m - f(S p x D q )} (because a pair 
(X,Y) is stably homotopy equivalent to the space X U CY). 

The following proposition shows how to express the /3-invariant via the homotopy 
class of a map g : D q — > D m — Im / in the group n q (D m — Im /, d) . This can be 
considered as an alternative definition of the /3-invariant /?(/,#). 

Proposition 4.4. (cf. [HaKa98, Proposition 3.2] ) Under the composition 



TTq (D m — Im /, d) ^ {S q ,S m - Im/} 



S ^ D {im/, s m - q - 1 } h {TiXA)^ 171 -"- 1 } ^ n s (p°°,ix) 



the homotopy class of a proper map g : D q — > Z? m — Im/ is sent to f3(f,g). 

Here the first arrow is the suspension map. The second map is the Spanier- 
Whitehead duality. The third arrow is induced by the map / defined in §3. The 
fourth map is given by the Pontryagin-Thom construction (see [Kos88L] for details). 
This proposition is proved by a direct verification. In fact, it suffices to prove it for a 
map / : B p+q — > S m , which can be done analogously to [HaKa98, Proposition 3.2]. 

This assertion suggests to find the homotopy type of Im/: 

Proposition 4.5. (cf. [HaKa98, §4]J Denote by C the mapping cone of f : £(/) — > 
/S(/). Thenlmf ~CV SP. 

The proof of this proposition immediately follows from the observation that both 
of these spaces can be obtained from Cyl(S(/) — > /S(/)) Us(/)cSpx£>9 (S p x D q ) 
by appropriate contractions (Figure 9). 




Figure 9 



Let us begin the study of the homotopy type of the pair (D m — Im /, d). 

Proposition 4.6. (cf. [HaKa98, Lemma 4.2] j For a general position immersion f 
the pair (D m — Imf,d) is c-connected, where c = min{m — p — 2, 2m — 2p — 2q— 3}. 

Proof. In codimension at least 3 the pair (D m — Im/, d) is generically 1-connected. 
By the homology excision theorem Hi(D ra — Im/, d) = Hi(S m — Im/). By the 
Alexander duality H t {S m - Im/) = i? m_i_1 (Im/). By Proposition 4.5 we have 
H m ~ t ~ 1 (Imf) = for i < c, because generically dimC = 2p + 2q — m + 1. So by 
the Hurewicz theorem the pair (D m — Im /, d) is c-connected. □ 

Proof of Lemma J±.2. It suffices to show that for an appropriate choice of /' all 
maps in Proposition 4.4 are bijective. We need to modify / only in step (4) below. 

(1) The first map is bijective by Proposition 4.6 and the Suspension theorem, 
because the assumption m > p + |g + 2 implies q/2 < c. 
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(2) The second map is bijective by the Spanier- Whitehead duality. 

(3) The third map is bijective. By Proposition 4.5 {Im/, S" 1 -^ 1 } ^ {C, S" 1 -^ 1 }, 
hence it remains to check that {C,S m - q - 1 } {T(X A ), S" 1 -^ 1 }. Denote by A T 
the restriction of Aa to the triple points, by Ct the image of T(At) under the map 
T(Aa) — > C, and by R the mapping cone of the map T(At) — > Ct- Then R is a 
deformation retract of the mapping cone of the map T(Aa) — > C. Consider the 
Puppe exact sequence of the pair (Cyl(T(AA) — > C),T(Aa)): 

{i?, s*™-^ 1 } -> {c, s™-" 1 - 1 } -> {t(a a ), s" 1 ^ 1 } -»• {iz, s m -«}. 

Since i? has dimension at most 3(7+3p— 2m+2, it follows by the assumption m > p+ 
f g + 2 that {C, S" 1 -^ 1 } ^ {T(A A ), S^- 1 }. Clearly, the obtained isomorphism 
{Im/, S""- 9 - 1 } {T(A A ), S"™-?- 1 } is induced by the map / : T(A A ) ->• Im/. 

(4) Making the fourth map bijective. One can see that the fourth map is bijective 
if the map A — > P°° classifying the bundle Aa is (s + l)-connected. Indeed, by the 
Thom-Pontryagin construction {T(Aa), S m ~ q ~ 1 } = f2 s (A, ZAa) and by homotopy 
lifting the induced map f2 s (A, ZAa) — > Q 3 (P°°,IX) is an isomorphism. (The defi- 
nition of the group fi s (A, ZAa) and the details can be found in [HaKa98,§3] and 
[Kos88L]). 

So it remains to make the classifying map A — > P°° (s + l)-connected by a proper 
almost concordance of /. This is made by the following theorem: 

Surgery Theorem 4.7. (cf. [HaKa98, Theorem 4.5],) Let M m be an (s + 1)- 

connected manifold and let f : B n — > M m be a proper immersion such that the 
restriction f\dB n is an embedding. Assume that 2s < 2n — m — 2 and < s < 
m — n — 3. Then by a regular homotopy re\dB n of the immersion f : B n — ► M m the 
classifying map A — > P°° of the covering A — > A can be made (s + \)-connected. 

We apply the theorem for s = 2p + 3q — 2m + 2 and n = p + q. The proof of 
Theorem 4.7 is completely analogous to the proof of [HaKa98, Theorem 4.5]. We 
present it in Appendix for the convenience of the reader. □ 

Thus we have proved modulo Theorem 4.7 the completeness of the /3-invariant. 

5. The exact sequence 

In this section we deduce Theorem 2.1 from the completeness of the /3-invariant. 
Formally, Theorem 2.1 follows from assertions 4.1, 5.1, 5.2 and 5.5. 

Theorem 5.1. Assume that m > p + |q + 2. Then for each x e f2™ ? there exists 
a proper almost embedding uj x : S p x D q — > D m such that (3{uj x ) = x. 

Proof of 5.1 modulo Lemma 4-2. The construction of uj x proceeds in 3 steps: 

(1) Construction of a map f U g : S p x D q U D q -> D m such that /3(f',g) = x. 
Start with the standard embedding / : S p x D q -> D m . By Lemma 4.2 from §4 the 
map / is properly almost concordant to a proper almost embedding f'S p x D q — > 
D m , such that /?(/', •) : TT q (D m — Im/', d) — > 0™ g is an isomorphism. Take a proper 
map g:D q ^ D rn - Im/' such that (3(f',g) =x. 

(2) Homotopical extension of g : D q — > D m — Im /' to a proper embedding 
g' : S p x D q -> D m - Im/'. Since (D m - lmf',d) is sufficiently highly connected 
(see Proposition 4.6), it follows by the embedding theorem [Hud69, Theorem 8.2.1] 
that one can remove the self-intersection of g : D q — > D m — Im/'. By Hirsch 
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theory one can make g : D q — > D rn — Im/' a smooth embedding with a trivial 
normal bundle. So one can extend g : D g — > D m — Im /' to a proper embedding 
g 1 : S p x D q — >• D m — Im /' such that the image Im g' is contained in a tubular 
neighborhood of Im g. 

(3) Making the S p -parametric connected sum of f and g' . Fix a point * e dD q . 
By the construction it follows that /' \q is concordant to the standard embedding. 

Thus the sphere f'(S p x *) can be spanned by a framed disc D p+1 C dD m (web) 
such that Int D p+1 n Im /' = and the first q vector fields of the framing of dD p+1 
are tangent to f'(S p x S q ). Generically the web does not intersect also Img, and 
hence neither Img'. Clearly, the sphere g'(S p x *) can also be spanned by a web 
JJP+ 1 q 0D m whose interior does not intersect Im(/' U g') and D p+1 . 

Join the centers of the webs D p+1 and D p+1 by an arc / in dD m . Generically 
I intersects Im(/' U g') U D p+1 U D p+1 only at the boundary dl. Let D m be the 
union of small tubular neighborhoods of D p+1 , I and D p+1 in the ball D m . Clearly, 
the intersection Im(/' U g') n D m is standard. By performing the ^-parametric 
connected sum of /' : S p x D q -> D m and g' : S p x D q -> L> m in L> m , we obtain 
the required proper almost embedding cj x . □ 

Notation: E {S p x D q , S p x denotes the group of proper almost embed- 

dings S p x D q — > Z) m up to proper almost concordance and connected sums with 
proper almost embeddings D p+q -4- D m (with the S'P-parametric connected sum 
group structure). 

Remark. The relative /3-invariant is a map 'E m (S p x D q ,S p x S" 7-1 ) — >• 
Theorems 4.1 and 5.1 together assert that this map is bijective for m > p + + 2. 



S 1 U S 1 ->• 5 12 S* 1 U S 1 -»• 5 2 D'UD 1 ^ L> 2 5° U 5° -> 5 1 




Figure 10 



Lemma 5.2. fc/. [Ne84, Sko09, Th. 3.1], see Figure 10) For every m > 2p + q + 2 
there is an exact sequence 

E m (S p x S q ) 4 ^ 4 - m ^x^-i) 4 ^"'f//'"? "> • • 

E m (S p+q ) E m ~ 1 (S p+q ~ 1 ) 



In the rest of §5 we shall prove the Lemma 5.2. We begin with the construction 
of the commutative group structure on the set of knotted tori (and also almost 
embeddings S p x S g — >• S m ). This construction is equivalent to the one from 
[Sko08, §2]. 
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Definition of the web D p+1 . Fix a point * E S q . Without loss of generality 
assume that * x S q D B p+q = 0. A web of an almost embedding / : S p x S q -> 5 m 
is a framed disc D p+1 C 5 m satisfying the following 3 conditions: 

(i) dDP +1 = f(S p x *); 

(ii) IntL>P +1 nlm/ = 0; and 

(hi) the first q vector fields of the framing of dD p+1 are tangent to f(S p x S q ). 
Webs of an almost concordance / : S p x S q x I — > 5™ x / and of a proper almost 
embedding / : S p x — >■ Z) m arc defined analogously (the marked point * 6 D q 
is the center of the disk) . 

The following assertion is equivalent to a version of [Sko08, Standardization 
Lemma 2.1]. 

Proposition 5.3. [Sko08, Standardization Lemma 2.1] Ifm>2p + q + l then for 
any almost embedding f : S p x S q —> S m there exist a web. If m > 2p + q + 2, then 
for any almost concordance between the almost embeddings f\ , fi : S p x S q — > S m 
there exists a web extending given webs of f\ and fa . 

Proof. [Sko08] The bundle N(f\sp x *' : S m ) is stably trivial and m — p — q > p, hence 
this bundle is trivial. Take a (m — p — <7)-framing £ of this bundle. 

Take the section formed by the first vectors of £. Since m > 2p + q + 2 > 2p + 2, 
it follows that the embedding f\spx* is unknotted in S m . So there is an embedding 
/ : D p+1 C S m satisfying property (i) from the definition of the web above. Since 
to > 2p + q + 2, we may also assume property (ii) by general position. 

By deleting the first vector from £ we obtain a (m—p — q — l)-framing £i of 
the boundary f(dD p+1 ) orthogonal to the disc j(D p+1 ). Denote by 77 the standard 
normal q-framing of f(S p x *) in f(S p x S q ). Then (£1, 77) is a normal (777 —p — 1)- 
framing on f(dD p+1 ) orthogonal to f(D p+1 ). Since p < m — p — q — 1, the map 
7r p (50 m _ p _ r i) — > n p (SO m - p -i) is cpimorphic. Hence we can change £1 (and thus 
£) so that (£1,77) extends to a normal framing on f(D p+1 ). Clearly, the obtained 
framing satisfies property (hi). 

The second assertion of the proposition is proved analogously [Sko08, Proof of 
Standardization Lemma 2.1 in §3] □ 

The following definition is equivalent to the one in [Sko08]. 

Definition of the S^-parametric connected sum. (see Figure 5) Let /i,/2 : 
S p x S q — >■ S rn be a pair of almost embeddings. Without loss of generality we may 
assume that Im/i C D™, Im/ 2 C D m . Take webs D p+1 C D™ and D p+1 C D m of 
these almost embeddings. Join the centers of the webs D p+1 and D p+1 by an arc / 
in S m . Generically / intersects Im/i U Im/ 2 U D p+1 U D p+1 only at the boundary 
dl. Let D m be the union of small tubular neighborhoods of D p+1 , I and D p+1 in 
S m . Clearly, the intersection (Im/i U Im/2) H D m is standard. By the sum of f\ 
and fi we mean the almost embedding f\ + fi : S p x S q — > S m obtained by the 
^-parametric connected sum of f\ and fi inside D m . 

Definition of additive inverses. Let / : S p x S q — >• S rn be an almost embed- 
ding. By the inverse of / we mean the almost embedding given by the formula 
(—f)(x,y) = o- m f(x 7 a q y), where <7k is the reflection of S h across the hyperplane 
X! = 0. 
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Definition of the neutral element. Denote by the standard embedding S q x 
S p ->■ D q+1 x D p+1 = D p+q + 2 C D m C 5"™. 

The following important result is checked directly (sec the details in [Sko08]). 

Group Structure Theorem 5.4. [Sko08] A commutative group structure on the 
set of almost embeddings S p x S q — > S m up to almost concordance is well-defined 
for m > 2p + q + 2 and q > 1 by the above construction. 

The analogues of this theorem for proper almost embeddings and smooth em- 
beddings are also true and are proved analogously. 

Proposition 5.5. Form > 2p+q + 2 the relative (3 -invariant f3 : E™ (S p x D q , S p x 
S q ~ 1 ) — > is a homomorphism. 

Proof. Consider a triple of proper almost embeddings /i, / 2 and f 3 = fi + f 2 . One 
can see that up to homotopy J3 = f\ V / 2 and /3 = f\ + / 2 , where '+' denotes the 
^-parametric connected sum relatively to the boundary. So (3(f 3 ) = U/3(/ 2 ), 
hence /3(.f 1 +/ 2 ) =/?(/!) +/3(/ 2 ). □ 

Now we are going to prove that the action of embeddings S p+q — > S m on the set 
of embeddings S p x S q — > S m is injective. 
Notation: 

(a) E m (S p+q ) is the group of all embeddings S p+q ->■ S rn up to concordance; 

(b) E m (S p x S q ) is the group of all embeddings S p x S q — > S m up to concordance 
(with the S'P-parametric connected sum group structure). 

(c) k* : E m (S p+q ) -> E m (S p x S q ) is a map taking an embedding g : S p+q -> 5 m 
to the connected sum of g and the standard embedding S p x S q — > S* m . (The 
connected sum is made along an arc / joining the images of the embeddings; these 
images are assumed to be separated by a hyperplane). 

Proposition 5.6. The map k* : E m {S p+q ) -> £ m (S p x S q ) is injective for m > 
2p + q + 2. 

In fact this proposition immediately implies the case 'p + q + 1 divisible by 4' of 
Theorem 1.2, by Theorem 1.1 in §1. 

Proof of Proposition 5.6. It suffices to construct a left inverse R* : E m (S p x S q ) — > 
E m (S p+q ) of the map k*. 

The map R* : E m (S p x S q ) -> E m (S p+q ) is defined as follows. Take an em- 
bedding / : S p x S q -> 5 m . By Proposition 5.3 there exists a web £) p+1 of this 
embedding. Perform embedded surgery on S p x S q along the framed disc D p+1 . Let 
n*(f) be the isotopy class of the embedding S p+q — > S m obtained by the surgery. 

The element «*(/) is well-defined by the second assertion of Proposition 5.3. 
We have k*k* = id, because R*K*(f) = R*(f#s) = f#R*(s) = /#0 = / for any 
f e E m (S p+q ). □ 

Proposition 5.7. (a) For each m > 2p+q+2 all proper embeddings S p xD q — > D m 
are properly concordant. 

(b) [Sko08, Triviality criterion] For m > 2p + q + 2 an embedding S p x — > 
S" 1 ^ 1 is concordant to the standard embedding if and only if it extends to a proper 
embedding S p x D q -> D m . 

Proof, (a) Take a proper embedding / : S p x D q — >• D m . By an analogue of 
Proposition 5.3 there exists a web D p+1 of /. Let D m be the tubular neighborhood 
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of D p+1 . Clearly, the restriction / : J^ 1 /)" 1 — > f) m is concordant to the standard 
embedding S p x D q — > D m . It remains to prove that / is concordant to this 
restriction. Let c : S p x D q x I — > D m x J be the identical concordance (equal to 
the embedding f : S p x D q ^ D m for each t € Let h m : D m x/4 L> m x J 
be a diffeomorphism hxed on D' m x and taking D m x 1 to D m x 1. Let h p+q : 
S p x D" x / -> S* p x D q x / be a diffeomorphism fixed on 5 P x S"? x and taking 
S p x x I to f~ 1 D m . Then the composition h m ch p + q is a proper concordance 
between f : S p x D q ^ D m and the restriction / : f- x D m -> 5 m . 
(b) follows directly from (a). □ 

The analogue of this proposition for proper almost embeddings is also true, 
except that the ball B p+q in the definition of a proper almost embedding should 
be replaced by a codimension ball B p+q c S p x D q meeting the boundary at a 
common face. (A face of the ball B p+q is a ball contained in dB p+q .) 

Proof of Lemma 5.2. (cf. [Sko09, Proof of Theorem 3.1]) (I) Construction of the 
homomorphisms. Let e be the obvious map. Let p be the 'restriction to the bound- 
ary' map. The homomorphism h is the 'cutting' map defined as follows. Take 
an almost embedding / : S p x S q — > S m . By Proposition 5.3 there exists a web 
D p+i c S m_ Let fjm be a tubular neighborhood of £>p +1 . _Set to be the 

restriction of / to a map (S p x S q - f' 1 Int D m ) -> 5 m - Int L> m . 

(2) Exactness at E m (S p x S q )/E m (S p+q ). The sequence is exact at £ m (S p x 
S q )/E m {S p+q ) because an embedding / : S p xS q S m extends to a proper almost 
embedding S p x D q+1 — > ]j m + l if anc | on iy if j i s almost concordant to the standard 
embedding (by the analogue of Proposition 5.7(b)). 

(3) Exactness at F \S P x D q ,S p x S^ 1 ). The inclusion Imh C Kcrp follows 
by Proposition 5.7(b). To prove Kcrp C Im/i take a proper almost embedding 
/ : S p x D q D rn such that p(f) = 0. Let / | a : S p x dD q -)• QZ)" 1 be the 
restriction of / to the boundary. By definition, there exists a smooth embedding 
g : 5 P+9_1 — > such that the connected sum f \g + g is concordant to the 
standard embedding. Extend g : S p+q ~ 1 — > S"™ _1 to a proper almost embedding 
gi . jjp+q _^ jjm Let / + g' be the connected sum of / and g' relatively to the 
boundary. By Proposition 5.7(b) the map / + g' : S p x D q — > D m extends to an 
almost embedding /' : S p x S q -> S m . Thus / = h(f'). 

(4) Exactness at E (S p x S q ). The inclusion Ime C Kcvh follows by Proposi- 
tion 5.7(a). To prove Ker/i C Ime, take an almost embedding / : S p x S q — > S rn 
such that h(f) — 0. Then, by definition, there exist a proper almost concordance 
c between h(f) and a connected sum of the standard embedding S p x D q — > D m 
and a proper almost embedding g : D p+q — > Z) m . Since the restriction of c to the 
boundary is a smooth concordance, by Proposition 5.6 it follows that the restriction 
of g to the boundary is unknotted. Thus we may assume that g is a smooth embed- 
ding. By the concordance extension theorem the restriction of c to the boundary 
extends to an ambient concordance of the disc S m — D m . So c can be extended 
to an almost concordance of / without adding new self-intersections. The latter is 
an almost concordance between / and an embedding /' : S p x S q — > S m . Hence 

./-</•')• □ 

So the proof of Theorem 2.1 is completed. □ 
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6. The finiteness criterion 

In this section we deduce Theorem 1.2 from Theorem 2.1. Thus we need a 
classification of almost embeddings S p xS q — > S"™. We summarize this classification 
and the above results in the following theorem. 

Notation: E m (DPxS q ) denotes the group of smooth embeddings DP x S q -> S m 
up to concordance (with the D p -parametric connected sum group structure). 

Theorem 6.1. For m > p + |g + 2 and m > 2p + q + 2 tfeere errisi the following 
exact sequences 

(1) -> £ to (6'p+9) -> £ m (£P x 5«) -> ^Irpiy 

(2) E m+1 (^ x ^ +1 ) -> ^+ + \ -+ ^g^i -> ^(S* x S«) 

(3) E m+1 (DP x S« +1 ) -> TTp+^S 1 "-"- 1 ) -> ^ m (5f x S q ) -> ^(D" x S*) 

(4) J B m+1 (59+ 1 ) -> 7r 9 (t/ m _ 9 ,p) -> £ m (L>P x S«) -> £ m (S«). 

Here the results (1) and (2) are new. The result (3) is known [Sko08, Restriction 
Lemma 5.2]. The result (4) is constructed analogously to [Hac66A, Corollary 5.9]. 
The groups in the second column of 6.1 are well-known rationally: 

Theorem 6.2. Assume that p+^q + 2<m<p+^q + 2, m > 2p + q + 2 and 
m > n + 2. Then 

(1) E m (S n ) is infinite if and only ifm<^n+^,n+l is divisible by 4. 

(2) is infinite if and only if m = p + |g + |, and q + 1 is divisible by 4. 

(3) ir p+q (S m ~ q ~ 1 ) is infinite if and only if m = \p+\q+\, and p + q+l is divisible 
by 4. 

(4) n q (V m -q tP ) is infinite if and only if p > 1, |g + | < m < p + |g + \, and q + 1 
is divisible by 4. 

We argue by the following plan. First we prove Theorem 1.2 modulo Theorem 6.1 
and 6.2. Then we prove Theorems 6.1 and 6.2 themselves, using some known results. 

Proof of Theorem 1.2 modulo 6.1 and 6.2. (1) Case when q + l,p + q + 1 are not 
divisible by 4. Recall that if X — > Y — > Z is an exact sequence with finite X and Z, 
then Y is also finite. Applying this 4 times to the last 3 columns of Theorem 6.1 
starting from the bottom, we are done, because by Theorem 6.2 the groups in the 
second column of 6.1 are finite when q + 1, p + q + l are not divisible by 4. 

(2) Case when p+q + l is divisible by 4. By Theorems 6.1(1) and 6.2(1) it follows 
directly that the group E m (S p x S q ) is in this case infinite. 

(3) Case when q + 1 is divisible by A, m < §. By Theorem 6.2(1) the group 
E m (S q ) in this case is infinite. Take an infinite order element x. The obstruction 
to existence of a (p + l)-framing on the embedding x : S q ~ > S m belongs to the 
group 7Tg_i(V^ n _g iP +i). By Theorem 6.2(4) this group is in our case finite. So 
for some positive integer TV the embedding Nx extends to a smooth embedding 
H : S p x S q — > S m . Since the restriction of the embedding to the sphere * x S q has 
an infinite order it follows that H itself has an infinite order. 

(4) Case when q + 1 is divisible by A, |g + | < m < p + |g + \, p > 1. It 
suffices to construct an embedding T : S p x S q — >• S' m having an infinite order in 
E m (S p x S q ). 

Construction of the embedding T. By Theorem 6.2(4) the group ^ q {V m ^ q _ p ) is 
in this case infinite. Take an infinite order element x of this group. Consider the 



18 



M. CENCELJ, D. REPOVS AND M. SKOPENKOV 



map t : n q (V m - qtP ) -> E m (D p x S q ) from 6.1(4). This map takes the element 
x to the canonical p- frame D p x S q -> S m of the standard sphere S q C 5"™. 
The complete obstruction to extension of this p-frame to a (p + l)-frame belongs to 
ir q -i(S m ~ p ~ q ~ 1 ). The latter group is in our case finite. So for some positive integer 
N the element Nt(x) can be extended to a smooth embedding S p xS q — > S m , which 
is the desired torus T. 

Proof that T has an infinite order. It suffices to prove that the element t(x) G 
E m (D p x S q ), which is the restriction of T to D p x S q , has an infinite order. 
Suppose to the contrary. Then Nr(x) = for some positive integer N. So by 
Theorem 6.1(4) Nx belongs to the image of the map E m+1 (S q+1 ) — > n q (V m -g tP ). 
But the group E m+1 (S q+1 ) is in our case finite. This contradiction proves that T 
has infinite order. 

(5) Case when q + 1 is divisible by 4, m = p + |<? + |. 

Construction of the embedding W. By Theorem 6.2(2) the group is in 

this case infinite. Take an infinite order element x of this group. Let W : S p x 
S q — > S m be an embedding realizing the image of x under the map — > 
E m (S p x S q )/E m (S p+q ) from Theorem 6.1(2). 

Proof that W has an infinite order. Consider the exact sequence 6.1(2). By 
Theorem 6.1(2) it suffices to prove that E (S p xS q+1 ) is in our case finite. Since 
q + 1 is divisible 4, it follows by Theorem 6.2 that w q+1 (V m - q , p ) and E m+1 (S q+1 ) 
are finite. An easy computation shows that Tr p + q +i (S m ~ q ~ 1 ) is also finite in our 
case. So by Theorems 6.1(3)-(4) it follows that E m+1 (S p x S q+1 ) is finite. □ 

In the rest of this section we shall prove Theorems 6.1 and 6.2. 

Assertions (1) and (2) of Theorem 6.1 are reformulations of Proposition 5.6 
and Theorem 2.1 which were proved in §5. Theorem 6.1 (4) is proved by a direct 
verification analogously to [Hae66A, Corollary 5.9]. We sketch the proof below for 
the convenience of the reader. Theorem 6.1(3) is proved in [Sko08, Restriction 
Lemma 5.2] for p > 1, m > 2p + q + 2 and m > ^p + |g + 2. The additional 
restriction m> ip+|g + 2in the proof of this assertion in [Sko08] can be dropped. 
We sketch an alternative proof to keep the paper self-contained. 

Sketch of the proof of assertion (3) in Theorem 6.1. (a) Definition of the groups 
E m (S p x S q ) and E m (S p x D q , S p x S^ 1 ). A map / : S p x S q -> S m is said to be a 
weak almost embedding, if it is an embedding outside the fixed ball B p+q C S p x S q . 
(Thus the set fB p+q n f{S p x S q - B p+q ) can be nonempty.) A weak almost 
concordance is defined analogously. Denote by E m (S p x S q ) the group of weak 
almost embeddings up to weak almost concordance. Identify the groups E m (S p x 
S q ) and E m (D p x S q ) (clearly, these groups are isomorphic for m > 2p + q + 2). 

Fix a ball B p+q C S p x D q meeting the boundary at its face and such that 
B p+q n (* x D q ) = 0. A proper map / : S p x D q ->■ D m is said to be a proper weak 
almost embedding, if the following two conditions hold: 

(i) / is an embedding outside B p+q ; and 

(ii) f(S p x dD q n B p+q ) n f(S p x dD q - B p+q ) = 0. 

A proper weak almost concordance is defined analogously. Denote by E m (S p x 
D q ,S p x S" 7-1 ) the group of proper weak almost embeddings up to proper weak 
almost concordance. 
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(b) For every to > 2p + q + 2 there exist an exact sequence: 

E' n {S p xS q ) ^E m {S p xS q ) \ E m (S p xD q ,S p xS q - 1 ) 4F _1 (5 p xS rl ) -> ... 

Here e, h and p are the obvious forgetful, cutting and restriction homomorphisms, 
respectively. This assertion is proved completely analogously to Lemma 5.2. 

(c) Definition of the homomorphism A : E m (S p xD q , S p xS q - 1 ) -> 7r p+9 _i(S' m -9- 1 ). 
Take a proper weak almost embedding / : S p x D q — > Z) m . By dchnition fdB p+q n 
/(* x £>«) = 0. Notice that I)" 1 - /(* x D q ) ~ S*"-9-i. Let A(/) be the homotopy 
class of the restriction / : dB p+q -> £> m - /(* x 

(d) A is injective. Take a proper weak almost embedding / : S p x D q — > D rn 
such that A(/) = 0. Then / \qbp+i extends to a map g : B p+q — > D m missing 
/(* x D q ). Since / \sp^di-bp+i 18 an embedding it follows that the intersection 
of gB p+q with f(S p x D q — B p+q ) can be removed by a homotopy relatively to 
the boundary. Thus we may assume that g misses f(S p x D q — B p+q ). Perform 
a proper weak almost concordance which replaces / \ BV + q by g. By an analog of 
Proposition 5.7(a) the obtained map is properly weakly almost concordant to the 
standard embedding S p x D q ->• D m . 

(e) A is surjective. Take an element x G 7r p +<j-i (S"™ -9-1 ). Take the standard 
embedding / : S p xD q ->■ D m . Realize the element a; by a map g : S' p+9_1 -> dD m — 
/(* x D q ). Since / \spxDq-bp+q 1S an embedding it follows that the intersection of 
gB p+q with f(S p x D q - B p+q ) can be removed by a homotopy relatively to the 
boundary. Thus we may assume that g misses f(S p x D q — B p+q ). Extend the map 
g : 5 ,p+9_1 dD m to a proper map g' : D p+q -> Z? m . Let p x be the connected 
sum (relatively the boundary) of g' and /. Clearly, \(/j x ) — x. This completes the 
proof of assertion (3). □ 

Sketch of the proof of assertion (4) in Theorem 6.1. (a) Definition of homomor- 
phisms. The map i* : E m (D p x S q ) -> E m (S q ) is restriction-induced (here x S q 
is identified with S q in obvious way). 

The map Ob : E m {S q ) — > Tr q -i(V m - qtP ) is the complete obstruction to the ex- 
istence of a p- framing on an embedding S q — > S m . This obstruction is defined 
as follows. Take an embedding / : S q — > S m . Take a (unique up to homotopy) 
(to — q)-framing of the disc fD^_. Take a (unique up to homotopy) p- framing of 
the disc fD q _. Thus the sphere fS q ~ 1 is equipped both with the p- framing and the 
(to — <7)-framing. Using the (m — g)-framing identify each fiber of the normal bundle 
to fD q + with the space W m ~ q . To each point x G S q ~ 1 assign the p- framing at the 
point fx. This leads to a map S* 9-1 — > V m - q , P . By definition Ob(f) G ^ q -i{V m - q ^ p ) 
is the homotopy class of this map. 

The map r : n q (V m - qfP ) — > E m (D p x S q ) is defined as follows. Represent 
/ G ir q (V m - qiP ) as a smooth map / : D p x S q — > D m ~ q linear in each fiber D p x y, 
y G S q . Define r(/) to be the composition D p x S q -> D"^ xS«4 5 m of the 
embedding / x pr 2 and the standard embedding s, i.e., r(f)(x,y) = s(f(x,y),y) 
for each x G S p , y G S* 9 . 

(b) £;a;aci«ess of S m (L>P x S q ) and E m (S q ) is checked directly. 

(c) Proof of the exactness at TT q (V m - qtP ) . Let / : S q+1 — > S m+1 be an embedding. 
Then / is isotopic to a standardized embedding /' : S q+1 — > S m , i.e., satisfying the 
conditions: 

• /' : D q _ +1 ->• L> m+1 is the restriction of the inclusion S q+1 -> 5 m+1 ; 
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• f'(IntD q + +1 ) C IntD™ +1 . 

Take a p- framing of /'(.Di + ). Represent this framing as an embedding g : 
DP x D^ 1 ->■ L>™ +1 linear in each fiber D p x y, y E By definition 

TOb(f) = g DPx3D ,+i. Thus TOb(f) : DP x dD^ 1 -»• <9L>™ +1 extends to the 

proper embedding g : DP x £>« +1 -> L>™ +1 . So r06(.f) is isotopic to the standard 
embedding D p x S q -> 5 m . Thus ImOb C if err. Analogously JmOt D iferr. 

Theorem 6.2 can be easily reduced to known results. Assertion (1) is proved in 
[Hae66A, Corollary 6.7]. Assertion (3) follows from the Serre theorem. 

Proof of assertion (4) in Theorem 6.2. The assumptions m > 2p + q + 2 and 
m < p + |<7 + 2 together imply that m < 2g. We are going to prove assertion (4) 
with assumptions m > 2p+q+2 and m < p+^q+2 replaced by the only assumption 
m < 2q. We use induction over p. 

(a) Case q + 1 not divisible by 4- Since m < 2q, it follows that ^(V^-g^) = 
7r 9 (S' m ^ 9_1 ) is finite. Using the homotopy exact sequence of the 'restriction' bundle 
gm-p-q _j. y m _ q p V m -q iP -i tensored by Q, we get inductively that n g (V m - g , p ) 
is finite. 

(b) Case q + 1 divisible by 4, and either m < §9 + | orm>p+|(j+i. In this 
case the groups ir q (S m ~ q ~ l ) are still finite for each i = 1, 2, . . . ,p. Similarly to the 
above we get that K q (V m - qtP ) is finite. 

(c) Case q + 1 divisible by 4, and §9+| < rn < p + |g + i. Take i such 
that m = i + |g + ^. Consider the above exact homotopy sequence for p = i. 
Analogously to the above it can be shown that for q + 1 divisible by 4 and m < 2q 
the group TT q+ i(V m - qi i-i) is finite. Thus the group it q {V m - q s) is infinite. By 
induction ir q (V m - qtP ) is also infinite. □ 

Proof of the assertion (2) in Theorem 6.2. Use the notation s = 2p+3q — 2m+2 and 
I = m — p — q — 1. Then the group in question is tt s +i+i(Vm+i,m)- Our restriction 
p+|<7 + 2<m<p+|(j + 2is equivalent to the restriction — 1 < s < I — 3. 

(a) Case s = — 1. By tables in [Pae56] the group tti{Vm+i,m) is infinite if and 
only if I is divisible by 2. Together with condition s = — 1 this is equivalent to the 
conditions m = p+|g+|,g r + lis divisible by 4. 

(b) Case < s < I — 3. Let us prove by induction over s that the group 
tt s +i+i(Vm+i,m) is finite. The base s — is follows from tables in [Pae56]. For 
s > consider the homotopy exact sequence of the 'restriction' bundle S l — > 
Vm+i,m Vm+lm-i tensored by Q. In this sequence 7r s+ ; + i(5 ( ) is finite be- 
cause < s < / — 3. By the inductive hypothesis the group tt s +i+i(Vm+lm-i) — 
K(s-i)+(1+i)+i(Vm+i+i,m) is nnitc - Hence the group n s+ i +1 (V m +i,m) is also fi- 
nite. □ 

Remark 6.3. Analogously one can prove the following assertion: suppose that 
m > P + §9 + 2; then the group Tr q (V m ^ q lP +i) is infinite if and only if either 
m = 2q + 1, q odd, or m = p + 2q + 1, q even. 

Thus the proof of Theorem 1.2 is completed. □ 

7. Concluding remarks 

Let us give a counterexample which shows that Theorem 2.1 in §2 and Lemma 4.2 
in §4 cannot be proved using the ordinary Whitney trick or the approach of [HaQu74] : 
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Example. For some p, q and m satisfying the inequalities of Theorem 2.1 there 
exists a proper almost embedding f : S p x D q — > D m such that (3(f ) = 0, but f 
admits no webs. In particular, the isomorphism of Lemma does not hold for 

r = /• 

Proof. Take m — p + §5+ § and choose p, q so that I = m — p — q—1 is odd. Take a 
generic proper almost embedding / : S p x D g — > Z) m such that A is connected and 
A is not connected (for example, start with the standard embedding and perform 
the finger Whitney moves). Our proof of Lemma 4.2 in §4 shows that in fact 
ir q (D m — lmF,d) = O s (A;ZAa)- The latter group is isomophic to Z for s = and 
I odd by [HaKa98, end of §4]. On the other hand, n (P°°;l\) = Z 2 . So the map 
j3(f, •) : Z — > Z 2 is not injectivc. 

Then there exist a proper map g : D g ^ D m — Imf such that (3(f,g) — 0, but 
5 is not null-homotopic. Perform the construction from the proof of Theorem 5.1 
modulo Lemma 4.2, steps (2) and (3). We get a new proper almost embedding / 
such that /3(f) = 0. On the other hand, the map g : D g — »■ D m — Imf is close 
to /|*xD<! but it is not null-homotopic. This implies that there exists no web 
for/. □ 

Further investigation. There are several directions to study knotted tori: 

(i) Explicit classification results. How many embeddings S 1 x S 5 — > S 10 are there 
up to isotopy? 

(ii) Weakening the dimension restrictions. Is it possible to drop the restrictions 
TO>2p + g + 2orm>p+f(7 + 2in Theorem 1.2? [cf. KeMi63, Hae66A] 

(iii) Arbitrary manifolds. It would be interesting to generalize the /3-invariant and 
Theorem 2.1 to embeddings of arbitrary manifolds [RcSk99, Sko08]. 

(iv) Rational classification of embeddings. For a given manifold TV and a number 
m determine whether the set of embeddings TV — > S m up to isotopy is finite. 

Acknowledgements. 

The authors are grateful to A. Skopcnkov for continuous attention to our work 
and also to P. Akhmetiev, U. Kaiser, U. Koschorke, G. Laures, S. Melikhov, A. Mis- 
chenko, V. Nezhinsky and E. Shchepin for useful discussions. 

Appendix. Surgery on the double point manifold 

Here we perform a surgery on the double point manifold A to make the classifying 
map A — > P°° sufficiently highly connected. This is required for the proof of 
Complement Lemma 4.2 stated in §4. Our exposition is completely analogous to 
[HaKa98, Appendix A] although more general, explicit and detailed. 

Let / : D n — > M m be a general position proper immersion such that f \od™ ■ 
dD n — > dM m is an embedding. The embedding theorem [Hud69], cf. Theorem 4.3 
above, allows us to remove the self- intersection of / by a homotopy rel9D n under 
certain conditions. In the dimension range, where the embedding theorem is not 
true, we give an approach to "simplify" the double points of /. 

In this section we prove that the classifying map A — > P°° of the covering A — > A 
can be made (s + l)-connected by a homotopy reldD n of the map / : D n — > M m , 
provided that 

(i) M m is (s + l)-connectcd; 

(ii) 2s < 2n — m — 2; and 

(iii) 0<s<m — n — 3. 
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This is a restatement of Theorem 4.7 above. 

Proof of Theorem 4-7. The procedure of making A — > P°° (s + l)-connected is done 
in 2 steps: 

Step 1. Making A connected and 7Ti(A) — > tti(P°°) surjective (in other words, A 
connected). 

Step 2. Killing the elements of Ker(7Ti(A) — > iri(P°°)) for each i = 1, . . . , s. 

These two steps are sufficient for the proof of theorem, because the map (A) — > 
TTi + i(P°°) = is surjective for f < i < s. 

In both steps 1 and 2 we make the following Whitney-Haefliger trick, performing 
a surgery on A. First let us construct the Habegger-Kaiser standard model for doing 
surgery on a framed i-sphere of double points of an n-disc immersed into 5"™. 

Standard model for doing surgery. [HaKa98] We will make use of the model 
manifold W n = RxM t+1 xl 2 "-™-' xR" 1 "™- 1 xM™-"- 1 and of two embeddings, g+ 
and g r of R" = R 4+1 x R2n-m-» x R n-m-i into R m mtersec ti n g transversally along 
OxS"x r 2 ™-™-* x x 0. For example, one may take g~{x, y, z) = (|x| 2 - 1, x, y, 0, z) 
and g + (x,y,z) = (1 - \x\ 2 , x, y, z, 0). The sphere S l bounds a ball D l+1 C R 4+1 C 
R". Furthermore, the sphere S t+1 = D^ 1 U£>!_ +1 , where D 1 ^ 1 = g±(D l+1 x x 0), 
bounds a ball D l+2 C M x R 4+1 c M m with corners along S % . Pushing one of the 
two caps DJ 1 " 2 across D t+2 does the required surgery. More precisely, the double 
points of the resulting regular homotopy form the trace of this surgery. 

Now we are going to make some preparations for doing surgery, which are a bit 
different, in Steps 1 and 2. 

Step 1: making A and A connected. If A = then we first create a 
nonempty self- intersection (for example, by the Whitney finger moves). Assume 
A 7^ 0. Take a pair of points (a, 6), (c, d) belonging to distinct components of A. 
One can assume that they are outside the triple point set. Consider the spheres 
5° = {{a, b}, {c, d}}, 5° = {(a, 6), (c, d)}, and 5° = {(6, a), (d, c)}, and let V be the 
trivial normal bundle N(S°, A). The surgery on S° (see Completion of the proof 
below) will connect distinct components of A, because dim A = 2n— m > 2,s+2 > 2. 

Step 2: killing the elements of Ker(7Ti(A) — > Tr i (P co j). Assume that g : 
S l — >• A represents an element of the kernel Ker(7Ti(A) — >■ iri(P°°), 1 < i < s. Since 
2i < dim A — 1 (because 2s < 2n — m — 2), it follows that g can be assumed to be 
an embedding. By general position the triple point set has dimension < 3n — 2m. 
Since s < m — n — 3, it follows that i + 'in — 2m < dim A — 1, so gcncrically Im<? 
does not contain triple points. 

Since the composition S l — > A — >• P°° is trivial, it follows that (m — h)\a \s* 1S 
trivial. Then the normal bundle n — N(S l ,A) is stably trivial and hence trivial. 
Since S l — > P°° is trivial, it follows that S l is also trivially covered in A. Denote 
by S\_ and S l _ the two copies of S l in A. 

Completion of the proof: surgery on S l . First let us span the spheres 
and Si. by two disjoint discs D 1 ^ 1 and D 1 ^ 1 in the ball D n . To do this take a 
trivialization of the normal bundle iV(A, D n ) (e.g., constructed in the definition of 
the double point (m — n)A-manifold in §3). Push the spheres S l + and S l _ along the 
first vector field of the trivialization. Since s < m — n — 3 and 2s < 2n — m — 1 it 
follows that 3s < n — 4. Hence i + 1 + dim A < n — 1 and 2(i + 1) < n — 1. Then 
by general position the pushed spheres can be spanned by discs missing the image 
of A. 
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Consider the obvious decomposition N(D 1 ^ 1 , D n ) S i + — rj(Be m n 1 , where rj = 

N(S l , A). This decomposition gives an (to — n — l)-framing of the sphere S l + . We 
wish to extend this (m — n — l)-framing over D''^ 1 . The complete obstruction 
lies in 7Ti(V^_j_i im _„_i). The latter group vanishes for 2i < 2n — m — 1, which 
follows from 2s < 2n — to — 2. Thus we obtain a decomposition N (D 1 ^ 1 , D n ) = 
rj + (B f" 1- "^ 1 , where 77+ is the extension of the bundle rj over D 1 ^ 1 complimentary 
to the (to — n — l)-framing. Define the bundle 77 _ analogously. 

Next we extend the embedding of S %+1 = D 1 ^ 1 U D 1 ^ 1 to an embedding of 
D l+2 into S m . To do this push D^ +1 and along the first vector field of a 

trivialization of the bundle N(D n , S m ). Thus we obtain an embedding of a collar 
neighborhood of the sphere S t+1 into S m . Since n + s + 3 < m and s < n — 1 it 
follows that i + 2 + n < to — 1 and 2(i + 2) < m — 1. Thus by general position 
the collar can be extended an embedded disc D l+2 in 5 m , whose interior does not 
intersect fD n . 

Finally, consider the following (to — n — l)-framing of the sphere S l+ . On the 
disc D 1 ^ 1 take the (m — n — l)-framing complementary to rj + . On the disc D 1 ^ 1 
take the (m — n — l)-framing obtained from the trivialization of N(D n ,S m ) by 
forgetting the first vector field. By the above construction it follows that these 
two framings coincide on S l . Thus we obtain an (m — n — l)-framing of S l+ . 
Let us extend it to D t+2 . The complete obstruction lies in 7rj + i(V^_i_2, TO -n-i)- 
The latter group vanishes for 2i + 2 < n — 1 because 3s < n — 4. Let rj' be the 
complementary bundle to the obtained (to — n — l)-framing over D l+2 . We have 
a splitting rj' = r\- © e m ~ n_1 on D** 1 . Extending it to D t+2 we get a splitting 
N{D i+2 ,S m ) = 7]" © e™-"- 1 © e m-n-i for somc bundle r\" . 

Thus the relevant framing information along D l+2 agrees with that of the stan- 
dard model. So there is a diffeomorphism between a neighborhood of D %+2 and 
the Euclidean space taking a restriction of our immersion to the standard model. 
So one can perform the surgery and kill the spheroid g : S' 1 — > A. The theorem is 
proved. □ 
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